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Abstract. We show how Alesker's theory of valuations on manifolds gives rise to an algebraic 
picture of the integral geometry of any Riemannian isotropic space. We then apply this method 
to give a thorough account of the integral geometry of the complex space forms, i.e. complex 
projective space, complex hyperbolic space and complex euclidean space. In particular, we compute 
the family of kinematic formulas for invariant valuations and invariant curvature measures in these 
spaces. In addition to new and more efficient framings of the tube formulas of Gray and the 
kinematic formulas of Shifrin, this approach yields a new formula expressing the volumes of the 
tubes about a totally real submanifold in terms of its intrinsic Riemannian structure. We also show 
by direct calculation that the Lipschitz-Killing valuations stabilize the subspace of invariant angular 
curvature measures, suggesting the possibility that a similar phenomenon holds for all Riemannian 
manifolds. We conclude with a number of open questions and conjectures. 
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1. Introduction 

1.1. Classical integral geometry. As originally proposed by Blaschke [20], the subject of integral 
geometry is essentially the study of kinematic formulas, the most famous being the euclidean 
principal kinematic formula 

(1.1.1) f x{AngB)dg^uj-^^ ^ ' Uiu;jfii{A)fijiB), 

which holds for all sufficiently nice compact subspaces A,B c M", where 0(n) := 0(n) x M" is the 
euclidean group. Here x is the Euler characteristic and uj^ is the volume of the unit ball of dimension 
k. The Ilk are the intrinsic volumes, which may be expressed as certain integrals of curvature of 
A, B if these bodies have smooth boundary. In particular, fJ-o = x s-nd Hn is the volume. Hadwiger 
proved that the fj.^ span the space of continuous 0(n)-invariant convex valuations (i.e. finitely 
additive functionals on convex sets). For each k there is a formula of this type with x replaced by 
fik in the integrand. Similar formulas exist also in the real space forms of nonzero curvature, i.e. 
in the sphere and in hyperbolic space ^44j . 

One special case of obvious interest occurs when B is taken to be a geodesic ball of small radius 
r. In this case the left hand side of (jl.l.ip may be interpreted as the volume of the tubular 
neighborhood of radius r about A. This yields H. Weyl's famous tube formula [52]. 

Subsequently Federer [2^ showed that each //^ admits a localization: for A c R" as above there 
exists a signed curvature measure <I>jt(^, ■) such that 

^k{A,A)^ HkiA), k^O,...,n. 

Again, when A is smooth 'I>fc(A, U) is an integral of curvature over dAnU. Furthermore, there are 
local versions of the global kinematic formulas described above, e.g. 

(1.1.2) f MAngB,UngV)dg^u;-^' ^ ' u;,uj^i{A,U)^j{B ,V) 

JO{n) i+j=n^^' 

for any open sets U, V . 

Several authors have given formulas of this type for subspaces of the complex space forms, i.e. 
complex euclidean space C", complex projective space and complex hyperbolic space: Abbena, 
Gray and Vanhecke [2]; Gray and Vanhecke [36]; Gray [SIES]; Shifrin [SIIIS]; and Tasaki 081119]. 
The papers [2] and [36] gave a local formula for the volumes of tubes about smooth submanifolds 
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M of a complex space form, and [34^ [35] expressed the local tube formula in terms of familiar 
geometric quantities when M is a smooth complex analytic submanifold. 

Meanwhile, [451 146] studied kinematic formulas in complex projective spaces at both the local 
and the global level, but only in the case where both subspaces A, B are complex analytic. Just as 
in the case of the real space forms, the local and the global versions of the formulas that emerge 
are again formally identical. The same happens if A, B are real submanifolds of complementary 
dimensions. This case was treated in [T9 | [48 t [49]. 

1.2. Integral geometry and valuations. More recently, Alesker introduced a range of new al- 
gebraic structures on the space \al{V) of continuous translation-invariant convex valuations on 
a general finite-dimensional real vector space F O HI [5]. In particular, if V is euclidean and 
H \s & compact subgroup of the orthogonal group 0{V) acting transitively on the unit sphere 
of y, then the space \a\^ {V) of iJ-invariant elements of Val(y) is finite-dimensional. Such 
groups H have been classified |21[ [41]. Furthermore for each ji e Val^(y) there exists a kine- 
matic formula for /i, analogous to (II. 1.11) . Using this approach, the integral geometry of the 
spaces {V,H) = (C^, C/(n)), (C^, 5[/(n)), (M^ G2), (M^ 5pm(7)) has been successfully analyzed in 

[111 da da IE]. 

Subsequently, Alesker introduced a theory of valuations on manifolds [51 [U [3 [HI dOl [E] , providing 
a natural and penetrating approach to integral geometry in more general manifolds. An element 
(j) belonging to the space V(M) of valuations on a smooth manifold Af is a real-valued functional 
(j) - on sufficiently smooth subsets P c M, given as 



Here a,P are smooth differential forms living on M and the sphere bundle SM respectively, and 
N(P) c SM is the space of outward normal vectors to P. 

Thus the second term may be viewed as a total curvature integral. It is therefore natural to 
consider also the corresponding localized functional $ = [a,/3] given by 



for Borel subsets U c P, where vr : SM ^ M is the projection. Such a localized functional is called 
a curvature measure, and the vector space that they comprise is denoted C{M). In general, the 
natural projection C{M) V(M) is surjective but not injective. 

Let now M be Riemannian and G a Lie group of isometries. If $ as above is invariant under the 
action of G, then a, (3 may also be taken to be invariant. It follows that the spaces C^{M),V^{M) 
of invariant curvature measures and valuations are finite-dimensional precisely when (M, G) is an 
isotropic space, i.e. G acts transitively on the unit tangent bundle SM ([Hdl]). Such spaces have 
been classified ( [211 EZl El [50] ) : the list consists of all euclidean spaces M - V under the action 
of G ■- H xT, for groups H as above, where T is the group of translations; together with the real, 
complex, quaternionic and octonian space forms under their full isometry groups. The members of 
these families with nonzero curvature coincide with the Riemannian symmetric spaces of rank one. 

In this setting there are kinematic formulas for (M, G) analogous to (jl.l.ip and (I1.1.2P (cf. [28]). 
They are encoded by the kinematic operators 



We call these the local and global kinematic operators respectively. The latter is the image of the 
former under the natural projection C'^{M) V'^(M). 

From this perspective, the classical cases described above arise by taking M to be a general real 
space form and G to be the full group of isometries of M. It is natural to consider all of these 





Kg ■■ C^{M) -> C^{M)®C^{M) 
ka ■■ V^(M) ^ V^(M) ® V^(M). 
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spaces together, as a one-parameter family indexed by the curvature A e R — in fact, they are all 
isomorphic in the sense of Theorem 12.231 below. The subject is further simplified by the fact that 
the projection from invariant curvature measures to invariant valuations is bijective. It follows that 
the kinematic formulas at the local and global levels are formally identical. 

The case of the complex space forms is much more complicated. The paper |19j applies the 
Alesker theory of valuations to study the curvature zero case, i.e. C" under the action of the 
hermitian isometry group U{n) U{n) x C", and computes the global kinematic operator kjj^. 
However, the map from invariant curvature measures to invariant valuations is not injective, so this 
gives only partial information about the local kinematic operator Kjj^. Due to the same difficulty, 
in the complex space forms of non-zero curvature even the global kinematic formulas were unknown 
in general. In complex dimensions n - 2,3 the principal kinematic formula kcix) was found in |42j . 
In higher dimensions, a very special case of this formula was calculated in [Ij. 

1.3. Results of the present paper. Here we build on the approaches of [HIH] to compute both 
the global and the local kinematic operators for all complex space forms. We give also several 
geometric consequences, recovering and extending all of the classically known results. 

1.3.1. General theory. In Section[2]we give an account of the integral geometry of general isotropic 
spaces from the valuations perspective. Our approach is new, and several of the facts and definitions 
presented here (in particular, the Lipschitz-Killing algebra and the concept of angularity) have not 
appeared previously in the literature. 

We define the space C(M) of smooth curvature measures on a smooth manifold M, and the 
globalization map C(M) V(M) to the space of smooth valuations on M. We also consider the 
spaces Curv(y) and Val(y) of translation-invariant curvature measures and valuations on a finite- 
dimensional real vector space V; V - T^M, the tangent space to M at a point x, these serve as 
infinitesimal versions of general elements of C(M), V(M). We briefiy describe the Alesker product 
on V(Af), and show that C(M) is a module over V(M). This new algebraic structure turns out to 
be crucial in the study of local kinematic formulas, and also in some of the global results. 

We expound on Alesker's observation that any Riemannian manifold admits a canonical Lipschitz- 
Killing subalgebra LK{M) c V(M), consisting of valuations given by integrating the classical 
Lipschitz-Killing curvatures. They correspond bijectively to a subspace of Lipschitz-Killing curva- 
ture measures, distinguished by the natural geometric property of angularity. This property is key 
to the initial calculations of Section 13.21 

If M is isotropic under the action of the group G, we define the local and global kinematic oper- 
ators Kckc, for the spaces C'^(M),V'^(M). These operators may be regarded as endowing each 
space with the structure of a cocommutative and coassociative coalgebra. We give a precise version 
of Howard's Transfer Principle [38j, showing that the coalgebra C'^(M) is canonically isomorphic to 
the corresponding coalgebra of invariant elements of Curv(TjM) for a representative point x. We 
also give a precise account of how integral geometric relations in positively curved isotropic spaces 
M may be analytically continued to yield a family of relations valid also for negatively curved spaces 
in the same family (or vice versa). We prove a new version, applicable (in addition to the known 
compact and euclidean cases) to hyperbolic spaces, of what may be regarded as the fundamental 
theorem of algebraic integral geometry, which states that kc is adjoint to the restricted Alesker 
multiplication map. We define the semi-local kinematic operator kc which is similarly related to 
the structure of C'^(M) as a module over V*^(M). 

1.3.2. Complex space forms. In Section [3] we begin our investigation of the complex space forms. 
It is natural to view these spaces as comprising a family {CP^jAeR.neN, where n is the complex 
dimension and A is one-fourth of the holomorphic sectional curvature. The case A = reduces to 
the case (M,G) = (C",C/(n)). 
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We first recall the construction of the invariant curvature measures from [19^ 02] . By the Transfer 
Principle, we may canonically identify the coalgebra of invariant curvature measures on any CP^ 
with the special case A = 0, i.e. the space Curv'^*-"^ of ?7(n)-invariant curvature measures on 
CPq = C". Following [H |l2] we describe the kernels of the globalization maps to the corresponding 
algebras V" := V'^(CP") of invariant valuations. We show that is generated by the Lipschitz- 
Kilhng subalgebra Li^(CP^) - M[t]/(t2"+^), together with the valuation s given by the integral of 
the Euler characteristics of intersections with generic totally geodesic complex hypersurfaces, and 
show how to express polynomials in s,t as globalizations of elements of Curv^^"''. Our main result 
in this section is an explicit algebra isomorphism I\ : V^" V^, which yields an expression for 
the principal kinematic formula that is formally independent of the curvature A. This determines 
the global kinematic operators kx completely. We give also a family of additional isomorphisms, 
including two particularly striking examples, although we do not use them elsewhere in this paper. 

Section[4]is devoted mainly to the tube formula, which results from the evaluation of the principal 
kinematic formula on geodesic balls. Remarkably, the resulting global tube formula turns out to 
be formally parallel to the corresponding formula in C", in a way that is not apparent in the 
formulations of Gray. In the context of a general Riemannian manifold M, we show how to recover 
local tube formulas from the global ones using the first variation operator introduced in [19] (note 
that these local tube formulas are not given directly by the local or semi- local kinematic formulas); 
applying this to the case M - CP^ we recover the local tube formulas of Gray and Vanhecke. We 
give a brief discussion of kinematic formulas as applied to complex analytic submanifolds, recovering 
Shifrin's results and placing them in context. We also give new global tube formulas for subspaces of 
totally real submanifolds N c CP^ (i.e. submanifolds that are isotropic with respect to the Kahler 
form): these have a particularly simple form, expressible solely in terms of the Lipschitz-Killing 
valuations of as a Riemannian submanifold. 

In Section[5]we study Curv^*-"^ as a module over the Vg . Our calculations turn on two key points: 
first, that the action of the valuation s e on Curv^^"^ is formally independent of A; and second, 
that a certain natural subspace Beta c Curv^^"^ is stabilized by this action. As a consequence of 
these computations, we show that the Vg-module Curv^^*^^ is spanned by two elements. 

Finally, in Section[6]we give in explicit form the local kinematic formulas for complex space forms. 
These formulas contain more information than the global kinematic formulas kx. To do so, we use 
the isomorphism I^^ ■ ^0 Section [3] to embed the family of global kinematic operators kx 

into a common model. Differentiating with respect to A, we extract enough information to determine 
the curvature-independent local kinematic operator K : Curv^^"^ -> Curv^*-'^^ (8)Curv^^"\ as well as 
the structure of Curv^*-"^ as a module over V^. As an application, we show by direct computation 
that the Lipschitz-Killing subalgebra in V" stabilizes the subspace of angular curvature measures 
in the Riemannian manifold CP^. 

Section [7] is devoted to open problems. In addition there is an Appendix, in which we establish 
a fundamental multiplication formula for smooth valuations in an isotropic space. 

Acknowledgements. It is a pleasure to thank J. Abardia, S. Alesker, E. Gallego, F. Schuster and 
T. Wannerer for their many helpful comments. 

2. Basics 

2.1. Notation. 

TT 2 

uj„ ■- the volume of the unit ball in M" = — -. r- 

r(| + i) 

On ■- (n + l)uJn+i - the volume of the unit sphere S"' 
Given a subset S* of a vector space we denote by span S its span. 
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The cosphere bundle of a smooth manifold M is denoted by S*M. The sphere bundle of a 
Riemannian manifold M is denoted by SM. The projections S*M ^ AI,SM M are denoted 
by vr, and we write S*M,SxM for the fibers. The canonical 1-form on 5"*-^ is denoted by a and 
the Reeb vector field is the unique vector field T with i^a = 1,-£to = 0, where £ denotes the Lie 
derivative. 

The complex projective space of dimension n and holomorphic sectional curvature 4A > is 
denoted by CP^. The Kahler form k and the volume then satisfy that 



f 

Jci 



^ = vol CP? 



We will also use the notation CP^ as a shorthand for C" if A = and for complex hyperbolic 
space CH" (with holomorphic sectional curvature 4A) if A < 0. 

For A ^ we let Gx be the isometry group of CP^. Thus Gx - SU{n + 1) for A > and 
Gx - SU{n,l) for A < 0. For A = we set Go = U{n) = C" x U{n). The Haar measure on Gx is 
normalized in such a way that the measure of the set of group elements mapping a fixed point to a 
compact subset of CP^ equals the volume of this subset. In particular, if A > 0, the total measure 
of the isometry group equals the volume of CP^. 

We will use the standard notation from differential geometry: 



snxir) := 



^sin(\/Ar) A>0 



r A = 

-I=sinh(^r) A<0, 

which is an analytic function in (A,r). Moreover, we will use 

/ , SUA , CSA 

csa := sn;^,tnA := ,ctA := . 

CSA snA 

We also use the standard notation 

{2k + 1)!! = {2k + 1) • {2k - 1) • {2k - 3)---l 

and set formally (-1)!! = 1. 

2.2. Curvature measures and valuations on manifolds. Let M be a smooth oriented manifold 
of dimension m. Following [7], we let V{M) denote the space of simple differ entiable polyhedra 
of M (which is the same as the space of compact smooth submanifolds with corners). Given 
A € V{M), the conormal cycle N{A) is a Legendrian cycle in the cosphere bundle S*M (compare 
Def. 2.4.2 in [7] or [30]). 

Definition 2.1. Given differential forms oj e QJ^'^ {S* M) , cj) e QJ^{M), the functional $ =: integ(w, cj)) 
that assigns to each differentiable polyhedron Ac M the signed Borel measure 

M D U >^ ^{A,U) -.^ f u+ [ 6 

JN{A)mT-W JAnU 

is called a smooth curvature measure on M . The space of smooth curvature measures is 
denoted byC{M). If M is an affine space, we denote the subspace of translation-invariant curvature 
measures on M by Curv(M). 

Given differential forms oo e ^^^^ {S* M) , (f) e r2™'(M), the functional ^ defined by 

f,{A):^ L,,^+ AeP(M), 
Jn{a) Ja 

is called a smooth valuation on M. The space of smooth valuations is denoted by V(M). // 
M is an affine space, we denote the subspace of translation-invariant smooth valuations on M by 
Val(M). 
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Remarks. 1. Thus a curvature measure ^ is not actually a measure, but a function that assigns 
a signed measure to any sufficiently smooth subspace. Note that we can evaluate ^{A,U) for 
non-compact subsets A provided that the Borel set U is relatively compact in A. 

2. A smooth curvature measure $ e C(M) may be applied to any subset X c M that is "smooth 
enough" to admit a normal cycle in the sense of [29]. The class of such subsets is only very 
dimly understood, but includes semiconvex sets (also known as sets with positive reach) and, if M 
possesses a real analytic structure, compact subanalytic sets, together with all generic intersections 
of such sets. We observe also that every compact smooth polyhedron is semiconvex. 

3. Our notation Val is a slight departure from the usual sense of Val as the space of continuous 
translation- invariant convex valuations. However, the Irreducibility Theorem [3] of Alesker implies 
that the space we have defined is naturally identified with a dense subspace of this latter space. 
For the general theory of smooth valuations, we refer to O [71 [HI IH Ull [12l [T7] . 

For ^> e C{M) we put 

[$] := glob(^>) := [A H> ^{A,A)] e V(M). 

Thus we have maps 

intcg glob 

Q"'-^{S*M)xn'^{M) > C{M) > V(M). 

We put also 

Glob := glob o integ . 

Recall that S* M is naturally a contact manifold, and admits a global contact form a e Q}{S* M). 

Theorem 2.2 {^). Let p e M, and put D : n'^-^{S*M) n"{S*M) for the Rumin differential 
("[43];. Then 

ker integ = {(w, 0) : w = a a -0 + da a 6* /or some ■0 e Af), 6* e 17""3(5*M)}, 
kerGlob = :L>a; + 7r> = 0, f w = 0}, 

JS*M 

where it ■ S* M ^ M is the projection. 

In the affine case M -V, the space of translation invariant curvature measures Curv(y) admits 
a natural decomposition (analogous to McMullen's decomposition of Yal(V)) 

n 

(2.2.1) Curv(y) = Curvfe(y) 

where Curvfc(y) contains the fc-homogeneous curvature measures i.e. those ^ for which ^{tA, tU) - 
t^^{A,U) for t > 0. This follows from Proposition 12.61 below: any translation-invariant curvature 
measure may be expressed as integ (w, (/>) for some translation-invariant forms u e Q,"'^^{S*V)^ and 
(f> e r2"(y)^. The latter clearly induce the invariant curvature measures of degree n. The subspace 
of translation-invariant elements of the former space may be decomposed as 

n-l 

(2.2.2) n"-\s*v)^ = n\vf ® n''-''-\siv)) 

fc=0 

which clearly induces the remaining parts of the grading (j2.2.ip . 

2.2.1. Module structure. One of the main features of V(M) is the existence of a canonical product 
structure, see [12] for its construction and [11] for an alternative approach. Another salient feature 
is the existence of a natural decreasing filtration V(M) = Wq d ■■■ d Wn Wn+i - {0}, where 
n = dimM. The product respects the filtration, i.e. Wj ■ Wj c Wi+j. 

If $ = integ(a;, (/)) is a smooth curvature measure on M and / e C°°(M), then ^f(A) ■- 
fj^j fd^(A,-) is a smooth valuation, which is represented by the pair (tt* f a uj , f (f)) . Thus if 
/ E 1 then = [^>]. 
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Proposition 2.3. Let M be an oriented manifold, fi 6 V(M),<I> e C(M). Then there is a unique 
smooth curvature measure /u • <I> e C(M) such that for all f e C°°{M) we have 

(2.2.3) {f,-^)f^fs-^f. 

(The product on the right hand side is the product of smooth valuations on M). With respect to 
this multiplication, C(M) is a module over V{M). 

Proof. The proof is based on an expression for the product of two smooth valuations which was 
obtained in [11]. 

Let /ij = Gloh{u}i, (pi), i - 1,2. Then fii ■ fi2 - Glob(cj, 0), where 

(2.2.4) U) ^ Qi{uJi,0J2), = Q2(wi,(Al,^2,02), 

and where Qi and Q2 are certain (exphcitly given) operations on differential forms. It is easy to 
check that they satisfy 

(2.2.5) (5i(7r*/^^l,W2) = TT* f aQi{u)i,U}2) 

(2.2.6) g2(vr7A6^i,/0i,6^2,02) = /Q2(wi,<Ai,^^2,02), /eC°°(M). 

Now if $ = mteg{uji,cl)i) e C(M) then H2-^ - integ(a;, (/>). Thus (f2X5]l and (f2X6]l imply ([2X3]) . 

□ 

If i : A'^ M is an immersion of smooth submanifolds, there exists a canonical restriction map 
L* ■ V(M) V(A^). The restriction is compatible with the product and the filtration. We refer to 
[lOj for more details on this construction. 

Proposition 2.4. Let M be a smooth manifold, i ■ N M a properly embedded smooth submani- 
fold. Given <I> e C(M), there is a unique curvature measure l*^ e C{N) such that 

(2.2.7) {i*<!>),.f^i*{^f), /eC°°(M). 
;,*<I> is called the restriction of^, and is also denoted by 

Proof. Since every smooth function on N can be extended to a smooth function on M, the unique- 
ness is clear. 

Let us prove existence. If a smooth valuation on M is given by a pair of forms {uj,(j)), then 
the pull-back is given by a pair of forms a;' = Qz{'^-, = Qii^^, 4>)-, where Q3, Q4 are certain 
Gelfand transforms with the property that 

QsCvTm/ UJ,f(t)) = TT*NL*fQs{uj,(t)), 
QdT^llf W,/0) = L*fQ4{u},4>), 

see [To]. If the smooth curvature measure is represented by the pair (w, (p), then we define ^ as the 
measure represented by ((53(0;, 0), (54(0;, (/>)). Thus ([2.2.7P is satisfied. □ 

2.2.2. Curvature measures in a Riemannian manifold. Let M be a Riemannian manifold. We show 
that the space C(M) of smooth curvature measures on M is naturally identified with the space 
of smooth sections of the bundle Curv(TM) of translation-invariant curvature measures on the 
tangent spaces of M. 

Let ^ e SM, with tt^-x^ M, where vr : SM M is the projection. The Riemannian connection 
induces a decomposition 

(2.2.8) T^SM ^ H ®V - T^M 

into horizontal and vertical subspaces, where the derivative Dtt induces an isomorphism H TxM 
and V is naturally isomorphic to ^-"^ c TxM. Identifying H with T^M, this decomposition may be 
refined further as 

(2.2.9) T^SM ^span(Oee^eC^. 
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On the other hand, we may think of ^ also as a point of the sphere bundle ST^M of the tangent 
space TxM, projecting to e TxM. Since this sphere bundle is actually a product, the tangent 
space at ^ again splits as 

(2.2.10) T^STxM = TxM e ^"^ ^ span(0 e e 

Thus we have a canonical identification T^SM ^ T^STxM, inducing an isomorphism 

(2.2.11) A*T^SM ^ A*T^S{TxM). 

Fixing X € M and letting ^ e SxM vary, these identifications now yield a map 

n*{SM)\s^^, - r{A*T*STxM\s^,j) ^ n\STxMf^^' 

to the space of translation-invariant differential forms on the sphere bundle of TxM; here the last 
isomorphism is obtained by pulling back via the translation map to the origin of TxM. Let us 
denote the vector bundle over M with fibers Q* (STxM)'^-^^ by n*{STM). Now if we let X vary 
as well we obtain an isomorphism 

(2.2.12) n*{SM) ^ T{n*{STM)), 
where T denotes the space of smooth sections. 

Proposition 2.5. The isomorphism (12.2. 12^ induces an isomorphism 

t:C{M) ^T{Cvltw{TM)). 

Proof. By Proposition 12.21 if we put a for the canonical 1-form of S{TxM) then it is enough to 
show that a, a and da, da correspond to each other under the identification (j2.2.1ip . 

That this is true of a and a is trivial: in both cases the differential form in question is given by 
projection to the line span(^) M in the decompositions ()2.2.9p . ()2.2.10p . Note that the correspon- 
dence da ~ da is not a formal consequence, since the isomorphism (12.2. lip only respects the linear 
structure but does not intertwine the exterior derivative. 

Representing elements of T^S{TxM) as indicated by the decomposition (I2.2.10p . we have 

(2.2.13) da{{vi,wi), {v2,W2)) = {wi,V2) - (fi,'W2)- 

In order to compare this with da, let X, Y be smooth vector fields on SM defined in a neighborhood 
of Assume that tt^X^tt^Y are everywhere linearly independent. Then there exists a smooth 
unit vector field Z on M, defined in a neighborhood of x, such that Z{x) - ^ and X(^),y(^) 
are tangent to the graph of Z at ^. Define vector fields X,Y on a. neighborhood of x e M by 
X{p) ■■= TT^X (Z (p)) ,Y (p) ■■- ■K^Y{Z{p)). With respect to the decomposition (j2.2.8p . the values of 
X, Y along the graph of Z are given by 

X{Z) = {X, S/xZ), Y{Z) = (y, VyZ). 

Since, for W e TzSM, 

az{W)^{Z,Tr,W), 

we may compute 

ida)ziX,Y) = Dx{Z,ttS) - Dy{Z,tt,X) - (Z,7r,[X,y]) 
= Dx{Z,Y)-Dy{Z,X) - {Z, [X,Y]) 
= {VxZ,Y)-{VyZ,X). 

Comparing with (j2.2.13p . this concludes the proof under the linear independence assumption above. 
The dependent case follows by continuity. □ 
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Fixing X e M, another way to describe the map ■ C(M) Curv(T^M) is as follows. Observe 
that (by continuity) an element ^ e Cuiv(TxM) is determined by its values $(P, •) on convex 
polytopes P c T^M. These values have the form 

n 

(2.2.14) HP,-)-Z E c(cI>,Tan(P,F))volfc|^ 

where SkiP) denotes the fc-skeleton of P and Tan(i-*, F) is the tangent cone of P at a generic point 
of F. This cone is the Minkowski sum of the fc-plane F e Grfc(TjM) generated by F and a proper 
convex cone lying in the orthogonal complement of F. Now if ^' e C(M) then for a cone C of this 
type we have for small e > 

c(r,.(^), C) = efc( ^(exp,.(C n B{0, e)))|^ , x), 

where denotes the density with respect to A;-dimensional volume. 

2.3. Kinematic formulas. Now suppose in addition that the Riemannian manifold M" admits 
a Lie group G of isometrics such that the induced action on the tangent sphere bundle SM is 
transitive. We then say that (M, G) is an isotropic space. 

Given such (M, G), we denote by = C'^(M) c C{M) and = V^{M) c V(M) the respective 
spaces of all smooth curvature measures $ e C{M) and all smooth valuations (p ^ V(M) that are 
invariant under the action of G, i.e. 

(2.3.1) ^{gX,gU)^<^{X,U), c^igX) ^ ct>{X) 

for all e G, every sufficiently nice X c M, and every open set U c M. 

Proposition 2.6. Let M be a Riemannian manifold, and G a group of isometries M M . Then 
<I> e {M) if and only if ^ - integ(a;, 0) for some G-invariant forms uj, 0. In particular, if G acts 
isotropically on M then dimC'^(Af),dim V*^(Af ) < oo. 

Proof. Let $ = integ(a;, (p) be G-invariant. Since <I>(M, U) - (f), the form (p must be G-invariant. 

By the discussion of |16j . the restriction of the horizontal part of w to the contact distribution 
Q can be uniquely written as the sum of a primitive form ujp and a multiple of the symplectic form 
da. By Proposition 12.21 any two forms uj,uj' define the same curvature measure iff Up - uj'p. 

Since ^> is G-invariant, it follows that ujp is a G-invariant form on the contact distribution. Let 
Co be the unique horizontal form whose restriction to Q equals ujp. Then $ = integ(iD, (p) is a 
representation of $ by invariant forms. 

The last conclusion now follows from the fact that the spaces of invariant differential forms on 
SM and on M are finite dimensional. □ 

2.3.1. Analytic continuation. In our discussion of the complex space forms, many formulas will 
depend on the curvature parameter A. Typically these formulas are much easier to derive in the 
compact cases (i.e. where A > 0). Fortunately, they turn out to depend analytically on A, and 
therefore it makes sense to argue that their geometric content remains valid also for A < 0. 

We justify this contention in this subsection. We consider products of invariant valuations in 
general families of isotropic spaces M\,\ e M. Such valuations may be expressed in terms of 
invariant differential forms on the sphere bundle SM\, and (as in the transfer principle Theorem 
12.231 below) the algebras of such forms for different values of A may be canonically identified. 

We will need to express the Alesker product of valuations in these terms, using the formulation 
of [11] , the key ingredient of which is the action of the Rumin differential Dx on differential forms of 
degree n-1 on the sphere bundle SM\. Although the various Dx do not intertwine the identifications 
above, our main point here is that they do vary analytically with A, and therefore the same is true 
of the Alesker product for invariant valuations when expressed in terms of a common model for the 
various spaces of invariant differential forms. 
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Let M+,M^ be n-dimensional rank one symmetric spaces with M± = G±/H, and canonical de- 
compositions of the Lie algebras 0± = p± ® f}. One says that M+,M_ form a dual pair if p+ can be 
identified with p_ in such a way that the Lie brackets become 

[x,y]_ = -[x,y]+, [x,u]-^[x,u]+, [u,v]- ^ [u,v]+ 

for X,Y € p, U,V € [). It is known that every rank one symmetric space has a dual in this sense, 
and that each dual pair contains exactly one compact space. 

Let us fix invariant metrics g± on M±, such that the identification p+ = p_ becomes an isometry. 
For positive A, let us denote M±a the symmetric space M± endowed with the metric g±x = \^^g±. 
We also put Mq - p and Go = H « p. This yields a family of Riemannian symmetric spaces 
M\ - Gx/H, A e M with a common canonical decomposition g = p ® t). Without loss of generality we 
assume that Mx is compact for A > 0. 

The Lie bracket satisfies 

(2.3.2) [p,p]Acf), [p,{)]Acp, [h,i)]x^i). 

If we prescribe that p is isometrically identified with each TqMx, the Lie brackets are given by 

(2.3.3) [X,Y]x^\[X,Y],, [X,U]x^[X,U]u [U,V]x ^ [U,V]i 

for X,Y €p,U,V €t), \€R. 

It follows that the family of differential maps 

is polynomial in A. Indeed, let 9i, . . . , On be a basis of p*, and let ipn+i-, ■ ■ ■ , be a basis of P)*. By 
(j2.3.2p and the Maurer-Cartan equation, there are constants Cf!'^ independent of A such that 

(2.3.4) dxei^9io[ , ]x^Y.CrOjA^a 

(2.3.5) dxiPa = V'i ° [ , ]a = A ^ Cf % A9k + Y. CaV>b A ipc 

j,k b,c 

where 1 < i,j,k < n and n + 1 < a,b,c < N . 

Now we consider ^}^{SMx)^^ ■ Let i be the Lie algebra of the subgroup K c H fixing an element 
of SMx. Then 0^(5'Ma)'^^ is identified with 

E^^^{ue/\''Q*:u;\,^dxu\,^0]. 

It follows from ([2X1)1 and (I2X5D that := is independent of A, and that dx{E'') c E^+'^. 
In particular ^}*{SMx)'^^ - ^*{SMq)'-'° . This identification coincides with the one induced by 
(l2:tT2]l . 

Lemma 2.7. The one-parameter family of Rumin differentials Dx ■ E^^^ i?" is analytic in A. 

Proof. Let uji, ... ,0;^ be a basis of the space of vertical (n - l)-forms. Let ri, . . . ,rfc be a basis of 
the space of horizontal n- forms. Let pi, . . . ,pi be a basis for the space of vertical n-forms. 
Then we obtain 

k I 

i=i i=i 
where the coefficients c, c' are polynomials in A. 

To find Dxuj, we must find ci(A), . . . , Cfc(A) such that -D^cj = dx{u) + E6 Cs(A)a;s) is vertical. 
Expanding this yields a system of linear equations for the Cs(A)'s where the coefficients are poly- 
nomials in A. By Rumin's theorem, there exists a unique solution. By Cramer's rule this solution 
will be rational in A, hence analytic. From this it follows that Dxuj - dxto + Y,s Cs{^)dxU}s is analytic 
in A. □ 
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Proposition 2.8. There exists a family of linear maps ipx depending analytically on A € M 

V^A : (^""' ® A"p*) ® (^""' ® A>*) — (^""' ® A>*) 
such that, for uji,uj2 e ^""^ - I^^^H'S'Ma)'^^ anc/ 0i,(/>2 e A"P* - f^"(MA)'^S 

integV'A(wi,0i,^2,02) = Glob(cJi,(/)i) • mteg(u;2, ^2), 
where the product in the last expression is the module product of Proposition \2.^A 
Proof. From the proof of Proposition 12.31 we recall that 

Glob(u;i,(?;)i) •integ(a;2,02) = integ(Qi(u;i,a;2), Q2(wi, c^i, ^2, ^2)) 

where Qi,Q2 are certain operations on differential forms explicitly given in [TT]. These operations 
involve the Rumin differential Dx, and are independent of A besides that. Therefore the result 
follows from the lemma above. □ 

For A e M, A' e M \ {0} let us consider : Ex Ex' given as follows. If 
then 



m^) - (^) 



and we extend linearly. We say that lo € E is even (resp. odd) if only even (resp. odd) degrees 
of uJi occurred in the previous definition. Note that dx preserves this parity notion by (|2.3.4p and 

If uj is even, then cj e Ex and f^ (uj) e Ey define the same form in SMx - SMy, whenever 
AA' > 0. If ci; is odd, then uj and (A/A')^/^/a,a'('^) correspond to the same form in SMx - SMy, 
provided A A' > 0. 

Since the Rumin operator D is independent of the Riemannian metric and since Dx respects the 
parity, we have for all A with AA' > 

(2.3.6) Dyf^'uj = f^'Dxuj, \luj e Ex. 

Since both sides are analytic in A, this equation is true for all A. 

Proposition 2.9. The volume valuation cannot he represented by an invariant form u} e Cl^^^{SMx)'^ . 
Proof. Suppose that a; e Q"'^^{SMx)'^ represents the volume. By [IT] this is equivalent to Dxuj - 

TT* vol. 

For A > 0, evaluation on the whole space Mx yields = voI(Ma), a contradiction. 

Next we consider the case A = 0. From (|2.2.2p it follows that the degree of each homogeneous 
component of the valuation represented by (a;,0) is less than n. Since the degree of vol is n, this 
shows the statement in this case. 

Now suppose that Dxuj - tt* vol for some A < 0. By (I2.3.6P 

Difliuj) = ALtJyr^dvol, 

in contradiction to what we have shown above. □ 

Proposition 2.10. A G-invariant valuation can be represented by a pair {uj^cj)) of G -invariant 
forms. 

Proof Let fi e V^^{Mx) be represented by e n'^-^SMx) and e n"{Mx). If A > 0, then Ga is 
compact, and we may take uj,(p invariant by averaging over Ga. 
The statement for A = follows from Theorem 3.3. in |17j . 
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Suppose now A < 0. By Proposition 1.7 in ^17J, the form D\uj + tt* cf) -■ rj is invariant. Let us 
consider f^rj which defines an invariant vertical closed form in ri"(S'Afi). The Gysin long exact 
sequence of the sphere bundle t::SMi Mi yields //"(SAfi) = or F"(5Mi) ^ //"(Afi). Hence, 

for some differential forms p e 0"'~^(S'Mi), ip e ri"(Afi). By averaging over Gi we can make p,<p 
invariant. Put p\ - fip and iT*Lpx - f^TT*Lp. By (j2.3.6p . 

D\p\ + 7r>A = fl- 
it follows from Theorem 12.21 that ^ e Glob(/OA, V'a) up to a multiple of the Euler characteristic x- 
Since x can be represented by an invariant pair, the statement follows. □ 

2.3.2. Local kinematic formulas. Any isotropic space admits an array of kinematic formulas. These 
come in three types: local, global, and semi-local. The local formulas apply to invariant curvature 
measures, while the global formulas apply to invariant valuations. The latter are obtained from 
the former by intertwining with the globalization map, and the semi-local formulas are obtained 
by applying globalization only partially. Thus the local formulas are in a certain sense the most 
fundamental, especially in view of the transfer principle Theorem 12.231 below. On the other hand, 
the global formulas may be viewed as adjoint to the multiplicative structure on V*^ (Theorem 12.211 
below), and thus enjoy special formal properties. The semi-local formulas are similarly related to 
the structure of C'^ as a module over V*^. 

The construction of the kinematic formulas for curvature measures was given in a slightly different 
formulation in |28t I29j. We sketch the proof, emphasizing certain points that will be important in 
the present paper. Referring to the second part of the Remark following Definition 12.11 the precise 
class of subspaces X,Y a M for which it is valid remains poorly understood, although by [29] 
this class includes the subanalytic and semiconvex cases, and therefore also the case of compact 
differentiable polyhedra. 

Let dg denote the bi-invariant measure on G, normalized so that 

(2.3.7) dg{{g:go^E})^wo\{E) 

whenever o € AI and E c M is measurable. 

Recall that a coproduct on a vector space F is a linear map c ■ V ^ V iSiV. The coproduct c is 
cocommutative if c(v) is symmetric for all v €V, and coassociative if 

(2.3.8) (idOc) oc= (c®id) oc. 

Theorem 2.11 ([28]). There exists a cocommutative, coassociative coproduct 

such that for all sufficiently nice compact subsets P,Q c M and open sets U,V c M 

(2.3.9) K($)(P,[/;Q,y)= f ^gPnQ,gUnV)dg. 

■J G 

Proof. We use some notions from Geometric Measure Theory and refer to [26] for details. The 
main point is that the normal cycles of generic intersections P n gQ arise as slices of a fixed current 
that is constructed in a canonical way from N(P),N(Q). 

Let vr : SM Af be the sphere bundle over M. Pick reference points o e M, d e SqM . Let 

C := {{g, v) ^GoX SoM : gd^-d, v € d,gd}, 

where for non-antipodal points v,w € SqM we put v, w for the open minimizing geodesic arc joining 
V to w. Then C has finite volume and admits a natural orientation, and the action 
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of Go X Go on Go X SoM induces an orientation- and volume-preserving action on C. Let E be the 
fiber bundle over SM x SM obtained by pulling back the bundle 

Gx SM M X M, {g, ^ (vrc/^, O 

to SM X SM via the projection SM x SM M x M . Thus we have the commutative diagram 
(cartesian square) 

(2.3.10) E ^GxSM 

SM X SM > MxM 

where the vertical maps have fibers isomorphic to Go x SoM. The natural actions of the group 
G X G are intertwined by the maps of (j2.3.10p . 

While the group of transition functions for the bundle on the right is Go x Go, on the left 
the group reduces to Go x Go- Therefore there is a natural copy of C inside the fiber over each 
(^,r/) e SM X SM, namely 

C^,r, - {{g,0 ^ G X SM : ngC ^ TT7J ^ ttC X, g^^-Tj, C^gU]<^S^M}. 

Let TTc : F SM x SM the corresponding subbundle of E and l : F ^ E the inclusion. 
For P, Q as above we may construct the fiber product 

To{P, Q) i.{N{P) X N{Q) XE C) 

well-defined integral current living in E. Put 

(2.3.11) Li -.^ {(g,x,rj) € G X M X SM : gx ^ ttmv}, 

(2.3.12) T2 {{g,U) ^GxSMxM-.gTT^^y}. 

We may regard ri,r2 as smooth fiber bundles over M x SM,SM x M respectively, with fibers 
diffeomorphic to Go- Thus we construct also two currents living in G x M x SM and G x SM x M, 
respectively, by 

TiiP, Q) {{g, x,ri)€Px N{Q) : gx = ttmT]}, 
T2{P,Q) {{g,C,y) e N{P) xQ:gn^^ y}. 
Consider the natural projections 

Pi-.G X M X SM ^ G X SM, p2-GxSMxM^Gx SM 

and put 

(2.3.13) T{P, Q) p.ro(P, Q) + puTiiP, Q) + P2.T2{P, Q) c G x SM. 
Clearly 

(2.3.14) mass T(P,Q) < c(mass 7V(P) mass 7V((3) + vol P mass A^(Q) + mass iV(P) vol Q). 
For a.e. g ^ G the normal cycle of gP n Q is given in terms of slices of T{P,Q) by 

(2.3.15) N{gP n Q) = ttsaMT{P, Q),^G,g) 

where itsm,'^g are the natural projections of G x SM to the two factors. Moreover, if U,V c M 
are open then 

W = W{U, V) := {{g, OeGxSM-.nC^gUn V} 
is open, and for a.e. g ^ G 

(2.3.16) N{gP n Q) L Tr-\gU n V) = ttsa/ .(T(P, Q) l W,p, g). 
Now consider the operator 

H : Q.*{SM)'^ n*{SM X SM)^""^ ^ n*{SMf ® n*{SMf 
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given by 

(2.3.17) H(^:^TTc.{iopy{<j)^dg). 
Thus, for (t)^VL*{SM)^, 

f (pAdg^ f H^. 

Jp*To(P,Q) Jn(P)xN(Q) 

Given P,Q,U,V as above and u e Q^^^{SM)'-' we may now compute, using Theorem 4.3.2 of 

f mteg(uj,0)(gP nQ,gU nV)dg ^ [if oj] dg 

^ f I f co]dg 

~ Ig{I{T(P,Q)l.W,^G,3)^^^'^^ 
Jt{P,Q)l.W ^ 

= [ Hio 

J(Af(P)Lf/)x(Ar(Q)Ly) 

+ / I / u}] dg 

JG\JN{Q)^-K-^{gPngUnV)) I 

+ i dg 

JG\JN(gP)t.TT-^{gUnQnV) I 

where in the last equahty we decompose the integral according to (|2.3.13p and use the definition of 
the fiber product of currents in |28j . In view of the normalization (j2.3.7p . the last two terms yield 
vol(P n U) /7v(Q)L7r-iy vol((5 n V) //v(p)L7r-it/'^- Therefore the kinematic operator Kg is given 
by 

(2.3.18) KG(integ((^,0)) = (integ ® integ)(-ffw, 0) + vol ® integ(a;, 0) +integ(a;,0) ® vol 
-K'G(integ(0, (ivolj\/)) = Kg(voI) = vol (8 vol. 

That the coproduct Kq is cocommutative follows from the fact that the map g ^ g^^ preserves 
the Haar measure dg. Coassociativity follows from Fubini's theorem. □ 



2.3.3. Global and semi-local formulas, and the fundamental theorem. We define 

k^kc-c^ ^e^ 

by 

(2.3.19) kc o glob := (glob » glob) o Kq, 

(2.3.20) A^G (idOglob) oi^G- 

Although glob is not in general injective, it is trivial to check that the first of these relations defines 
kc uniquely. Thus \i A,B c M are nice sets and [/ c M is open then 

kG{(k){A,B)^ f ct>{AngB)dg 

■J G 

kci^XA, U;B)^ [ ^A n gB, U) dg. 

J G 

By Proposition 12.91 vol does not belong to the space {Glob(cj,0) : uj 6 S7"-i(5M)'^}. Hence the 
following definition makes sense. 
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Definition 2.12. vol* is the element ofV^* characterized uniquely by 

(vol*, vol) = 1, (vol*,Glob(a;,0)) = for all oj e Ve'-^{SM)^. 
Lemma 2.13. Ifcjy^V^ then 

Proof. This follows at once from (j2.3.18p and the definition of A;. □ 

Definition 2.14. The map pd : V^{M) (V'^(Af))* given by 

(pd{4>),fi) = (vor,(/)-/x), 

is called (normalized) Poincare duality. 

If M is euclidean then this coincides with the Poincare duality defined in ^5J. If M is compact, 
this is vol(M)~^ times the Poincare duality defined in [8j. Clearly pd is self-adjoint. 
Given A e P(M), we put 

l4--- f x{-r^9A)dg^k{x){A,-)€V''. 

■J G 

Proposition 2.15. Given any smooth valuation (f) on an isotropic space M , we have 

(2.3.21) //^-(/.^ f <P{-ngA)dg. 

J G 

We defer the proof of this proposition to the Appendix. 
Corollary 2.16. Given A e V{M), $ e C(M) and U c M open we have 

/x^-$(i3,[/)= f <^{BngA,U)dg. 

■J G 

Proposition 2.17. IfcpeV*^ then 

(2.3.22) (pd(/i2),0) = 0(A). 
Proof. By Proposition 12 . 1 5l and Lemma 12.13^ 

(pd(/x^),,/.) = (vor,</.-/i5) = {voV,kGm;A)) = kcmyoi^A) = cP{A). 

□ 

We may regard k{x) ^ 

element of Hom(V'^(M)*, V'^(M)). Let ev : V{M) ^ V'^(M)* be 
the evaluation map. Then = k{x)i&^A)- The proposition may be written as 

(2.3.23) pdoA;(x) ° ev = ev or pd(^^) = ev^- 
Corollary 2.18. 

(i) pd : V'^(M) V'^(M)* and k(x) ■ V'^(M)* V'^(M) are mutually inverse isomorphisms. 

(ii) V^ = span{/ig:^eP(Af)}. 

Proof. Let P be the vector space with basis V{M) and ev:P (V*^)* the linear extension of the 
evaluation map. Its adjoint ev*:V'^ P* is clearly injective. Therefore, ev:P (V*^)* is onto. 
Prom (j2.3.23p we deduce that pd is left inverse to k{x). Since V'^(M) and V'^(M)* have the same 
finite dimension, pd is also right inverse to k{x)- This shows (i). 

To see (ii), it is enough to notice that k{x) ° ev is onto, and that = A;(x)(ev^). □ 
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Theorem 2.19. K,k,k are all compatible with the multiplication by elements of V'^ , i.e. given 

(2.3.24) K{ct> ■^)^{<p®x)- K{^) ^{x®<P)- K{^), 

(2.3.25) k{(t) • = (x ® 0) • k{<^) = (0 ® x) • K^), 

(2.3.26) k{4> • V) = (X ® 0) • k{i^) = (</> ® X) • K^), 

(2.3.27) k{(t)-^)^k{^)-{x®^)- 

Proof. Using Corollary 12.181 (ii) . the relation (I2.3.24p follows easily from Corollary 12 . 161 and Fubini's 
theorem. Since glob(</> ■ ^) ^ 4> ■ glob^> for ah e V,^> e C, the relations (12.3.251) . (I2.3.26P follow 
at once from (I2.3.19p . (I2.3.20p . Equation (I2.3.27P follows from Corollary 12.161 for (p - ^-iid from 
(I2.3.25p . (12.3.261) in the general case. □ 

Corollary 2.20. Let m e Hom(V'^ ®C'^,C'^) = Hom(C'^,C'^(8) V'^*) be the module structure. Then 

(2.3.28) m = (id ® pd) o A: 

or equivalently 

k - (id ® pd"^) o rh. 

In particular, k is injective. 

Proof Let ^> e C^. By (|2.3.23p . (pd(^),/ug) = V'(C) for every ^ e V^. By Corollary EM 

^g.<I> = fc($)(v,C)H(id®pd)fe($),//g), 

and the stated equation follows. If fc($) = 0, then it follows that m($) = 0, which means = 
for all valuations cj) e . Taking (p-- x implies that <I> = 0. □ 

The next theorem was shown in [18j and [11], assuming M to be flat or compact respectively. 
Now we extend it to the general case. 

Theorem 2.21. Let m ■ V*^(M) ® V'^(M) -> V*^(M) be the restricted multiplication map, pd : 
V'^(Af) V'^(M)* the normalized Poincare duality and k ■ V'^(Af) V^{M) <S) V'^(M) the 
kinematic coproduct. Then the following diagram commutes: 

V^(M) > V^(M) ® V^(M) 

pd pd8pd 

Proof. Since pd is self-adjoint (|2.3.22p yields 

((pd®pd)o/c(0),;x^(8)/xg) = f ^{AngB)dg. 

•J G 

By Proposition 12.151 

{m* o pd((/)), /x^ ® /^b) = (pd AiA • /^b) 

= (vor,0-//5-^g) 

= (vol*, r (/>(■ n yyl n hB)dgdh\ . 

By (I2.3.18P . if (vor,0) = 0, then 

y~ y~ (t){-r\gAr\hB)dgdh^ J J (t){- r\ g{Ar\hB))dg dh 

= f {(t>{AnhB)vol + vol{AnhB)(t>+Y,fi{AnhB)(fj)dh 
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for some ^pi e with (vol*, ipi) - Hence, 

I vol*, ■ngAnhB)dgdh\^ j^^{AngB)dg 

as desired. The case (j) - vol follows similarly. □ 

2.4. Transfer principle. Picking points o e M, o e SM with ttmo - o, let Go ^ Go <^ G denote the 
stabilizers of o, o respectively. This yields identifications 

M ^ G/Go, SM ^ G/Go 

corresponding to the maps g go, g ^ go respectively, such that the natural projections G/Go 
G/Go and SM M are compatible. 

The decompositions (|2.2.9p and (|2.2.10p are invariant under the actions of Gq. Furthermore, the 

action of G induces canonical isomorphisms Curv*^° (ToM) ^ Cuty'^'^ (T^M) for every x e M, and 
if we identify these spaces in this way then the isomorphism of Proposition 12.51 yields 

Proposition 2.22. The map r of Proposition [2751 induces an isomorphism 

(2.4.1) C^(M) ^ Curv^(roM). 

As noted in the previous section, each of the spaces C*^(M), Curv'^°(ToM) is a coalgebra, with 
the kinematic operator as coproduct. 

Theorem 2.23. The linear isomorphism (12.4. ip is an isomorphism of coalgehras. 

Proof. We actually prove the following stronger statement, at the level of invariant differential forms 
rather than curvature measures. The apparatus of the proof of Theorem 12.111 has an analogue for 
the pair (TqM, Go), leading to an operator 

H' : Q.*{SToM)^° ^ Vl*{SToM)^ ^Q.*{SToM)^. 
Since the isomorphism (|2.4.ip is induced by the natural isomorphism 

(2.4.2) Q.*{SM)^ ^ A*{T;SM)^' ^ A* {T^ SToM)^" ^ n*{SToM)^, 
the maps H, H' determine and are determined by maps 

(2.4.3) a*{t;sm)^' -> a*{t;sm)^'° ® a*{t;sm)'^% 

(2.4.4) A*(rg*5ToM)^°" ^ A*{t;SToM)^' ® A* (T^ SToM)^' . 

We must show that these maps are intertwined by the middle isomorphism of ()2.4.2p . 
To this end we consider the derived diagram corresponding to (j2.3.10p 

(2.4.5) TE\p > T (G x SM)\p = TG^^ x TSMj 

p 

ToSM e ToSM > ToM e ToM 

where F - Go'x SoM is the fiber over (o,o), which includes the submanifold C. The map ()2.4.3p 
is then constructed as follows. An element of A* {ToSM)^° induces a Go-invariant section of 
A* TSM\g ^. We take the wedge product with the invariant volume form of G, pull back via the 
top map, and finally push down using the fiber integral over C. Likewise, (j2.4.4p arises in the same 
way from the diagram 

(2.4.6) TE\j, > T [G'o x SM% = TG^I^^ x TSToM]^^,^ 

p 

ToSToM e ToSToM > ToM ® ToM 
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The identification TqSM ^ TqSTqM that arises from ()2.2.8p and ()2.2.10p induces an isomorphism 
between the lower left spaces, intertwining the projections 7r,7f. In the same way we may identify 
the second factors of the top right spaces, intertwining the restrictions oi p,p. 

Finally, we wish to identify the first factors of the top right spaces. The identification we give 
will not be canonical, but it is enough for our purposes. To this end we realize Go as a manifold as 
the cartesian product Go x ToM, acting on ToM by 

{g,v) -w.^ g^{w + v). 

Thus TGo TGoxToM . Recalling that p is the derivative of the map (g,C) id'^C^'^C) on 
the right of the euclidean analogue of (I2.3.10p . we see that for {g,C) s Go x SoM, and (7,^) e 
TgGo X ToM, w e T^SToM, 

(2.4.7) p{'j,v;w) ^ {g^TT^w + g^v,ir^w) 

where vr : SToM ToM is the projection. 

We may represent TG\-^ in a similar fashion. Let m c g be a linear complement to Qo in the 
Lie algebra g - Tf,G. Then tt^ induces an isomorphism m ToM where tt : G ^ M - G/Go is the 
quotient map. Translating m by the left multiplication map Lg,g e Go, we obtain an injection 

ToM m g^m c TgG, 

which gives an identification TG\q- - TGo^ToM . With respect to this decomposition, the map p 
acts formally exactly as in ()2.4.7p . 

Thus the diagrams (I2.4.5p . ()2.4.6|) . except for the top left corners, may be identified, intertwining 
all of the maps that appear. It follows that the top left corners may also be identified: 

Lemma 2.24. Let M, E' he smooth fiber bundles over N , and E their fiber product: 

(2.4.8) E >E' 




Let m€ M and F the fiber of E' over f{m), which is the same as the fiber of E over m. Then the 
restricted tangent bundle TE\p is the fiber product over Tf(^„i)N ofTmM and TE'\p: 



(2.4.9) TE\p V TE'\ 



F 



TmM >T^(^)iV 

Proof. Since f,p are submersions, the implicit function theorem implies that the original fiber 
product 

E = {(m, e) e M x E' : f{m) = p{e)} 

is a smooth submanifold, with 

T{m,e)E = {{v,w) e TmMeTeE' : f^v^p^w}. 

Thus 

TE\p - {{m, v; e, vj) e TmM e TE'\^ : f^v - p^vu} 
as claimed. □ 
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To conclude the proof of Theorem 12.231 the lemma implies that the maps (I2.4.3P , p.4.4p corre- 
spond, provided the selected volume forms dg correspond when restricted to Go- But this is ensured 
by the convention (j2.3.7p : each corresponding volume form is then the product of the probability 
measure on Go with the puUback of the volume form of M under the projection G M. □ 

Remark. Theorem 12.231 is a special case of the general transfer principle of Howard [38j . 

By Proposition 12.31 C^(M) is a module over V'^(M), while Curv^° (ToM) is a module over 
Val*^" (ToM). On the other hand, in view of Proposition 12.221 we may identify the coalgebras 
C^(Af ) ^ Curv*^°(ToM). From this perspective the coalgebra of invariant curvature measures is 
simultaneously a module over V^(M) and over Val^°(roM). 

Proposition 2.25. The two module structures on C^{M) ^ Curv'^°(ToM) commute, i.e. if p ^ 
V^{M),ip€ \si\^°{ToM), and ^ e C^(M), then 

Proof. By Theorem 12.231 we have 

o r = t (g) r o Kg- 

Using Theorem 12.191 we obtain that 

K^{^ ■ T{p ■ CD)) = ® id) ■ K^{t{p • ^)) 
= {{i/j or)® t)Kg{p-^) 
= ((V-or) {Top))KGi^)- 

On the other hand, 

K^{t{p ■ T-\ij ■ r(cl>)))) = (r ® r) o ^^(p • r-^i; ■ r(cl>))) 

= (r (8) (r o p))KG{T'^{i' ■ t($))) 
= (id® {to p o T'^))K-^{ip ■ t{^)) 
= (V®(TopoT-^))K^(T($)) 
= ((V'°t) ® {top))Kg{^)- 
By Corollarv 12.201 k-^ and hence are injective, which finishes the proof. □ 
2.5. Angular curvature measures. 

Definition 2.26. Let V be a euclidean space of dimension m. A translation-invariant curvature 
measure H e Curv(y) is angular if, for any compact convex polytope P cV , 

m 

(2.5.1) S(P,.) = E E ch(F)-(F,P)voU|^ 

fc=0Fe5fc(P) 

where ch(-F) depends only on the k-plane F e Grfc(y) parallel to F and where ^{F,P) denotes 
the outer angle of F in P (in other words, for fixed F the quantities c(cD, Tan(P, F)) in (j2.2.14p 
are proportional to ^ (F, P) ). The space of such translation-invariant curvature measures will he 
denoted by Ang(y). 

Given a Riemannian manifold M, a smooth curvature measure ^ e C{M) is angular if Tx{^) e 
Ang(r2,M) for every x e M . The space of angular curvature measures will he denoted by A{M). 

If H e Ang(y) then it is clear that the associated valuation [H] is even, and the constant of 
(pXTl) is 

cs(F) = Klp](F), 

the value at F of the Klain function (cf. [19]) of the associated valuation [H] e Val(y). 
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The elementary symmetric functions of principal curvatures determine a sequence of canonical 
angular curvature measures in any Riemannian manifold M™", expressed in terms of differential 
forms on the sphere bundle SM as follows. Let ei(.^), . . . , em{£,) = be a local frame for M defined 
for ^ e SM, with associated coframe Oi and connection forms ujij. Put 



(2.5.2) Ki := ^ 



where the sum is over permutations e of l,...,m-l. This agrees with the definition of [28j if M 
is euclidean. 

Definition 2.27. Aj := integ(Ki, 0). 

Thus if A c M is a smooth domain then Aj(A, ■) is the measure on dA whose density with 
respect to volm-i is a^^_j_^ times the (m - i- l)st elementary symmetric function of the principal 
curvatures of dA. 

Compare also [16] for this definition. Observe that if M = with the standard metric then the 
Aj coincide with the curvature measures <I>i of [25j. In this case 

(2.5.3) globA, = 



where /ij is the ith intrinsic volume |40j . 

In euclidean spaces the space of translation-invariant angular curvature measures is stabilized 
by multiplication by 

Theorem 2.28 (Angularity theorem, first version). 

/XI ■ Ang(M'") c Ang(M"). 

Proof. It is enough to show that /xi • <I> e Ang(M") assuming that <I> e Ang(M") is homogeneous, 
say of degree k -\. Hence, we must find a function g on Gr^ such that, given a convex cone C 
containing a maximal subspace F e Gr^ 

(/ii • $)(C, U) = g{F) Yo\k{U)^n-k-i{C, F) 

where U F \s any Borel set. By Corollarv 12.161 and a limit argument 

(/ii = r <^{HnC,U)dH ^ f_ vol{U n H)f{F n H) ^{C n H,F n H)dH 

JCvn-i -/Gr„_i 

"~ fni f ^ol{Un{xv + v^))f{Fnv^)^{Cnv\Fnv^)dx d^vols^^i 
^-vol{U) f ^cos9f{Fnv^)-^{Cnv\Fnv^) d^volgn-i 
where 6 e [0,7r/2] is the angle between v and F. The exterior angle of intersections is 
^{Cnv\Fnv^)^ ""'^'^ vol„-fe(5""^ n {aw + bv:a,b > 0,w € nor(C, F)}) 
= vol„_A:-i(7r^ nor(C,F)) 

where vr^ denotes the polar projection of 5""^ \ {±^} onto 5*""^ n v'-. 
A generic v e 5""^ is uniquely described as 

v^cosOu + smOw, u € F n S""'^ S^-\ w € F^ n S""'^ S''-^~\ 

In these terms, 
(2.5.4) 

(/ii$)(C,C/) = vol(C/) r /(Fnu^) P h{e) f vol(^„nor(C,F))d^ volcjn-fc-i d^d^vol^^-i 
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for some function h{9). By the coarea formula, denoting by jac(x,t(;) the jacobian at x of the 
projection tt^ restricted to nor(C, F) c 5""'^^^, 

^^^^ vol(7r„(nor(C,F))(i^ vol^n-fe-i ^ J ^^^^ ^ Jac(x, ^(;)^^^„ vol^n-fe-i j 4' volnor(c,F) 

= j(6')vol(nor(C,F)) 

for some function j{9). Indeed, by SO{n - /c) - invar iance the integral between brackets is indepen- 
dent of X. Together with (j2.5.4p . this gives the result. □ 

Definition 2.29. Let V he a d- dimensional euclidean vector space. A curvature measure ^ e 
Curv(y) is a constant coefficient curvature measure if there exists a constant coefficient 
form uj 6 K'^iy* ® V*) c Vf^iV ® V) such that for all compact convex bodies K c V and all Borel 
sets U cV we have 

HK,U)^ f 

where Ni{K) is the disk bundle defined in (41) of [18]. 



lNi{K)mT-^U 



Lemma 2.30. Every constant coefficient curvature measure is angular. 

Proof. By linearity, it suffices to show that any curvature measure arising from a differential form 
oj = Trfcji A 772^2 with uji € K^V* ,uj2 € K''-~^V* is angular. 

Let P be a polytope and denote by ^k{P) the set of /c-faces of P. Let Ni{P,a) c a-"- be the 
normal cone of P at a face a. Then the degree A:-part of the current [-/Vi(P)] is given by 

nHp)- E Mx[iVi(P,a)]. 
Since UJ2 is of degree d - k and has constant coefficients, 



where ^(P, a) denotes the outer angle of P at the face a. 
It follows that 

= E f{^)yoh{anU)^{P,a). 

□ 

2.6. Lipschitz-Killing curvature measures. On any Riemannian manifold there is a canon- 
ical family of curvature measures defined as follows. Let l: M be an isometric embedding 
(it is not necessary to invoke the Nash embedding theorem here: the existence of local isometric 
embeddings is enough to draw this conclusion). The /c-th Lipschitz-Killing curvature measure 
is defined by 

(2.6.1) Afe = i*Ak. 

That this definition is independent of i is the substance of "Weyl's tube formula" [52]. More 
precisely, it is a consequence of the following description of A/j in terms of a pair of differential 
forms {^ki^k) e ^'^{M) x 0""^(5M). Let ei(^), . . . , 6^(0 = ^ be a local moving frame on M 
defined for ^ e SM. Let 9i be the associated coframe, and Wjj the connection forms. Finally, let 
^ij denote the curvature forms. Then (cf. [23]) 

(^•^•^^ ^ ,unkt Esg^(^)^^1^2 A - A A e,^_^^^ A ... A . 17"(5Af ) 

fe!(^)!(47r)— e 
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when n - k is even, and - if n - k is odd. Note that the sum above may be partitioned into 

2 



sums of k\{^^)\2 2 formahy identical terms. 



Similarly 

(2.6.3) dn,k,^<^k,i 

2i<n-k-l 

where 

(2.6.4) - Xlsgn(e)ai.2 A--- A^a.-iea, AW„,e2,+i A--- AW„,,„_,_^ A0,,^ ^ A--- A0,,^_j 

e 

for some constants dn,k,i- Both and ^k-, and in fact all of the ^k,i, are independent of the 
moving frame, and hence globally defined differential forms on SM . Moreover is the pullback 
of a differential form defined on M, which we denote again by ^'fc. 

It will be helpful to ascertain in a reliable way the values of the constants in (j2.6.2p . To do so 
we take M to be a sphere, and use 

/zfc(5") = 2/.fc(S"+i) = 2(" ; M^^, n - k even 

which is Theorem 9.2.4 of [ID]. We will not use the explicit values of the constants dn^k,i- 
A more general form of the restriction property (j2.6.ip follows easily from the definition. 

Lemma 2.31. Let AI,N be smooth Riemannian manifolds, and denote the associated Lipschitz- 
Killing curvature measures by Ai(M,-),Ai(N,-) respectively. If j ■ N M is an isometric embed- 
ding, then 

Ai{N,-)^rAi{M,-). 

Proof. If L ■ M is an isometric embedding of M then lo j is an isometric embedding of A^. 

Therefore Ai{N,-) = (lo jyA, ^ j*{t*A,) ^ j*A,{M,-). □ 

Proposition 2.32. The Lipschitz-Killing curvature measures are angular. 

Proof. In fact we show that each <I>fc j defines an angular curvature measure. We observe that the 
and the Oi are horizontal with respect to the Riemannian connection, and the cunj are vertical. 
Thinking of these as translation-invariant elements of ^l* (ST^M), we find that for any x € M the 
associated curvature measure rj;(integ(<I>fc^j)) e Curv(Ta;M) has degree k + 2i. 

Fixing X e M, let P c Ta;M be a poly tope and F c P a face of dimension k + 2i. Let us 
choose for each (p, v) e N(P) n tt^^F an orthonormal frame ei, . . . , e„ with ei, . . . , ek+2i ^ TpF 
and e„ = v. Then ujn,i - ■■■ - ujn,k+2i - when restricted to N{P) n ir^^F, while the restriction of 
Un fc+2i+i • • ■^n,n-i is the volume form of the sphere of F-"-. Hence for [/ c F 



T,(integ(cD,.,,))(P,?7)= f^^ ^^^<^k,^ 

= C^{P,F) y^ST^('^)^^ia2---^a2^-ia2^0a2,,,---Oa2,,k 

where a runs over all permutations of {1, . . . , + 2i}. □ 

2.7. The Lipschitz-Killing algebra. Alesker has observed that the globalizations of the Lipschitz- 
Killing curvature measures have a special place in the integral geometry of Riemannian manifolds. 
Recall first that the algebra of translation- invariant, S'0(n)-invariant valuations on M" is isomorphic 
to M[t]/(t"^"'^) [11|32], where by convention we identify t with -^/Ui. In general [l9jj 

(2.7.1) t ^ ^^[li, or exp(7rt) = y Wj/ij. 

Since the restriction map V(A^) V(M) corresponding to an embedding of manifolds M is 
a homomorphism of algebras ([9j, Thm.2.14), it follows that any isometric embedding M M" 
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yields a map / : M[t]/(t"+i) V(M). Each monomial f is an element of filtration i, and yields a 
fixed multiple of the i-dimensional volume when applied to a smooth submanifold of dimension i. 
It follows that if dimM = k then / factors through an injection M[t]/(t*^^^) V(M). 

Since any Riemannian manifold M'^ admits such an isometric embedding into some M", and by 
(j2.6.ip the Lipschitz-Killing curvature measures of M are the restrictions to M of the Lipschitz- 
Killing curvature measures of M", it follows that V{M^) contains a canonically embedded copy of 
M[t]/(t'=+i), the Lipschitz-Killing algebra of M. 

Gray has shown that the values of the Lipschitz-Killing valuations of Kahler manifolds may be 
expressed in terms of Chern forms: 

Lemma 2.33. Let N be a compact Kdhler manifold of complex dimension n. Then 
(2.7.2) t^\N) = TT-'l^^^^ cK-k{N) A 

where chj is the ith Chern form and k the Kdhler form of N . 

Proof. Except for the constant factor, the formula is Lemma 7.6 in |35j . To find out this constant, 
it is enough to take N = (CP^)". Here CP^ is metrized as usual as the sphere of radius |, intrinsic 
diameter | and area tt, and has Chern form chi(CP^) = ^darea. By using (j2.7.ip and the product 
formula for intrinsic volumes ( [40] . Prop. 4.2.3) the result follows after simple computations. □ 

Corollary 2.34. For X>0, 

,2.7.3) '^'(^^")^ 

Proof. This is a direct consequence of the previous lemma, and the following expression of the 
Chern forms of CP^ (cf. Corollary 6.25 in |35j ) 



ch.(cp;)=(";')(^«)' 



□ 

3. Global kinematic formulas for complex space forms 

The main result of this section is Theorem 13 . 1 9 1 b elow . which states that the principal kinematic 
formula in CP^ is formally independent of A when expressed in terms of certain geometrically 
natural bases for V^. Thus the explicit form of this formula for A = 0, given in [19], holds also for 
general A. 

The geometrically natural bases are the fJ-^q^'^kq Definition 13.71 We give enough information 
that the multiplication table for may be determined in these terms — although we do not give 
this table explicitly, it is essentially straightforward to do so in any given dimension n. Using the 
multiplicativity property (j2.3.26p . it follows that the entire kinematic operator k may then be given 
in these terms. 

Let V" denote the algebra of GA-invariant valuations in CP^. We will show that it is generated 
by the generator t of the Lipschitz-Killing algebra of CP^, together with 

(3.0.4) s:^ xi-^P)dP 

where Gt^_i denotes the Grassmannian of all totally geodesic complex hyperplanes P c CP", and 
dP is the GA-invariant measure, normalized so that if c CP^ is a 2-dimensional differentiable 
polyhedron contained in some totally geodesic complex line then 

areaii^ 



s{E)^ 



TT 
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Under this normalization, for A > 
(3.0.5) s'=(CP^) 



n-k+l 



c 

Thus if A = 1 then Gr„_^ is the projective space dual to CP" and dP is the invariant probability 



measure. If A = then this definition of s is identical to that in [32\ [T9] 

-V^, we define V, 



Considering the sequence of restriction maps V?^^ V?, we define VT '■- limV^. 



3.1. Invariant curvature measures and valuations. We denote by Curv^^"^ the space of 
curvature measures of C" invariant under U{n). Its inverse limit under the restriction maps is 
denoted Curv^(°°). 

Let a, (3, 'J, 60,61,62 e $7*(S'C") be the differential forms defined in [IHj. It was shown in [42J that 
the subalgebra r2*(S'C")^*-"^ of invariant forms is generated by these elements, together with da. 
Since a, da vanish identically on normal cycles, it follows that Curv^*-"^ is spanned by integration 
of the forms 

(3.1.1) Pk,q-- = Cn,k,q(3^6^-''^''A6'l-^''-'A6l k > 2q, 

(3.1.2) ^^^^:^2l^^^el'^''-'A6';-'''A6l n>k-q, 
where we set for convenience 

1 

q\{n-k + q)l{k-2q)luj2n-k' 

Put Bk^q ■- integ/3fc,g,rfc_g := integ7fc_g. Globalizing these curvature measures yields the so-called 
hermitian intrinsic volumes (cf. [19j ) 

f,k,g glob(i?fc,,) = glob(rfc,,) € VaF(")(C'^), 0,k-n<q<^<n. 

They form a basis of VaF^"). Since Bk^q * V^^q (cf. gMD, below) we deduce that u 

{Tk,q} is a basis of Curv^*-"^. Next we introduce a more convenient basis. 

Definition 3.1. Define curvature measures ^k,q ^ Curv^*-"\ max{0, A; -n}<(/<|<n hy 

^k,q ■■ = , (2(n -k + q)Tk,q + {k - 2q)Bk,q) 

ATI Ki 

Thus ^2q,q = ^2q,q CLnd A^^k-n - B^.k-n- Wc define also for k > 2q,q > k - n 

Nkq '■ - Akq - Bkq 

_ 2{n-k + q) 
- 2n-k 

The family {Afe^J u {Nk,q} is a basis of Curv^^'^). 

Proposition 3.2. For <I> e Curv^^"-* the following are equivalent: 

(i) $ 6 span{Afc,g}, 

(ii) $ is a constant coefficient curvature measure, 

(iii) $ is angular. 

Proof (i) ^ (ii): Let 

w := ^ (2(n -k + q)jk,q + {k - '^q)Pk,q)- 
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Then for / e C^iC") we have 

/ Tr*fAUJ= TT*fAUJ- (it* df /\ U) + TT* f /\ doo) . 

JN{K) JdNi{K) JNiiKy ' 

An easy computation shows that i^* df and lo both vanish on the radial vector field of the disc 
bundle of C". Since du: - dfi^^q - d'yk,q has constant coefficients, the proof is finished. 

(ii) (iii) by Lemma 12.301 

(iii) => (i): Let ^ be angular. Since the restricted globalization map spanjAjt^} Val'^'"^ 
is onto, there exists H e spanjA^g} such that glob(<I> - = 0. By the two implications above, 
the curvature measure ^' = <I> - H is angular. Let ^ - be the decomposition of ^ into i- 
homogeneous parts. Each is angular and is hence determined by the Klain function of glob(^'j). 
Therefore, all vanish and $ = H. □ 

We will denote by glob;^: Curv^^"^ ^ C'^^(CP^) the globalization map given by glob_>^ = 

glob oT^^ where t = t\ is the transfer map (j2.4.ip . We will also use the notation 

[cI>];,:=glob;,(cD). 

Clearly globg = gloh\^^^^u(n), and 

(3.1.3) kerglobo = spanjA^'fc g}. 
Thus we put 

Ang^(") span{Afc,J, NulF^") span{iVfc,J. 
Lemma 3.3. If k > 2q then 

(3.1.4) [N^^]^ ^ ^x^[Bk+2,c+i]x 

vr 

(3.1.5) [Bk,q]x - y\ — [^k+2i,q+i]\ 

for all X e M. 

Proof. Equation (|3.1.4p is Proposition 2.6 of [T]. Equation (|3.1.5|) follows by recurrence. □ 

Corollary 3.4. For every A e M, the valuations glob;^(A^. g), max{0, k-n}<q<^<n, constitute 
a basis o/V^. 

Proof For A = this was proved in [l2]. For general A, ()3.1.4p . (|3.1.5p show that [A^ ,j]a span V". 
By Corollary 3.1.7 of [7], dim = dim V[J = dim Ang^("\ □ 

Proposition 3.5. 

(i) ker glob;, = span {Nkq + X^Bk+2,q+i ■■k>2q, q>k-n] . 

(ii) // A * then 

(3.1.6) ker globgH ker glob ;^ = {0}. 

Proof. Conclusion (i) is immediate from (|3.1.4p and Corollarv 13.41 

(ii): Any ^> e kerglob;^ has the form ^> = T,k,qCk,q^k,q with ^kq - Nkq + X^Bk+2,q+i- Thus 

globo $ = - XI Ck,q(q + l)/ifc+2,g+l, 
^ k,q 

SO if this is zero then „ = for all k,q, by linear independence of the fik q- D 
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Let ix ■■ CP" -> CP^ be a totally geodesic embedding, and let us consider the restriction map 
z.^ : C'^(CP^^^) -> C'^{CP^). Since expodix - tx° exp, the description of the transfer map given 
after Proposition 12.51 implies that the following diagram commutes, 

C^(CPr^) ^^C^(CP^) 



Curv^("+i) Curv^(") 
In other words, the map r - tx° ix° (''"a)^ is independent of A. 
Lemma 3.6. 

(3.L7) 



(3.L8) 
(3.L9) 



max(0, k-n)<q< — <n 

max(0, k-n)<q< — <n 
n + l<k<2n + 2. 



Proof. The angularity condition is clearly invariant under restriction to linear subspaces. Since 
restriction commutes with globalization, and globg is injective on Ang^^"\ equations (j3.1.7p and 
(|3.1.9p follow from the invariance of /i^^g under C-linear restrictions. 

By (j3.1.5p we have (abusing notation so that r denotes the restriction map for both curvature 
measures and valuations) 

X''(q + i)\ 

[rBk,q]x = r[Bk^q]x = Y Tr~^i'^k+2i,q+i]x 

i>o ^ Q- 

_^ A^(g + i)! _ 

- 2^ — j [^k+2i,q+i\X - [^k,q\\- 



i>Q 



□ 



Hence rB^^q - B^ q e ker glob;)^ for all A. By (|3.1.6p . equation (|3.1.8p follows. 
We deduce that 

k k 
Ak,g, 0<q<-; Nkq, 0<q<- 

define a basis of Curv'^''°°-' . We let Ang^^""-* be the inverse limit of the spaces Ang^*-"^. Thus 
Ang^^""-* is the subspace of Curv^^""-* spanned by the A^^q- 
We distinguish some canonical valuations. 

Definition 3.7. For max{0, /c - n} < g < | < n < oo we set 

t^L---[Bk,q]x^Vl k>2q, 



m 



which defines a basis o/V^ 



fJ'2q,q 

Another basis is 



iq + i)l 



[P2q+2i,q+i 



i=q ^H' 



The valuations //^^ ^ Vq = VaP*^"-' coincide with the iikq studied in [19] . For A * they coincide 
with the basis elements studied in [IJ in the cases k > 2q. The rationale for the present definition of 
l^2qq is equation (|3.1.5p : with this definition, the corresponding relation also holds for k - 2q. As 
we will see, the resulting bases fJ-kqiTkq have many remarkable properties. 

The following point is obvious from the definitions, but will be crucial for Theorem 13.171 below. 
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Lemma 3.8. The kernel of the restriction map is spanned by the valuations ^ with 

q < k - n or k > 2n. In particular, if k > n then fJ-'^Q- inV^. 

For future reference we restate equations (j3.1.4p and (I3.1.5P in this new notation. 
Lemma 3.9. 

vr 

Proof The first equation is an easy consequence of the second, which follows from (j3.1.5p and the 
definitions. □ 

3.2. Expansion of t^ in terms of the r^^. In this section we show how to express the elements 
of the Lipschitz-Killing algebra of CP^ as linear combinations of the bases above. It turns out that 
this is readily accomplished in terms of exponential generating functions. For general information 
on this subject we refer to [53] . 

The geometric foundation of our calculation is the following well known fact. 

Lemma 3.10. Let ei,i - 1, . . . ,n be a local hermitian-orthonormal frame for CP", and put := 
Let di, . . . ,9n,di, ■ ■ ■ ,dn be the dual coframe. Then the curvature forms o/ CP^ at x are 

given by 

^a,l3 - ^{(^a f^Gp + 6a /^Op), «, /3 £ {1, 1, . . . , n}, a * /3 

where i i. 

Proof Cf. [39], Chapter IX, Proposition 7.3. □ 
Theorem 3.11. Define 

(3.2.1) 9^itv)■■-eil-0'''H^-vr'^ 

(3.2.2) 

Then 

\ I / \ TT IT / IT Vvrvr/ 

.A 

kp' 



are the exponential generating functions of t^"^ ,t^^^^ in terms of the rt . In other words, 



r\2i+l OO / \ \ ' 

(3.2.4) ^ l—A- ^^j 



^A 



k,p=o ^ " ' d^id^^ 
Proof. By ([2331), (f2XTD and (irO) . 

(3.2.5) t^ = ^[A,]a. 

vr-' 

By Propositions 12.321 and 13.21 each Aj may be expressed uniquely as a linear combination of the 
Afc g. Thus our first step is to carry this out explicitly; globalizing, we will obtain the expansion of 
t^ in terms of the [Afc^gJ^. 
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Let E^^'i = © c" c C" - CP^. Recalling the transfer map r of Proposition EIS for k-j 

even we define Pfi „ by 

(2^) 2 

Thus 



^ pf2i 

/O^Am+p ^^2m+2p,p ^2m+2p,p 
m,p>0 V^^.* 



(3-2.7) T(A2i+l) = (27r)' ^ (27r)'"+P ^^2m!2p+l,p A2m+2p+l,p 



(3-2.6) T(A2i) = (2vr)^ ^ ___ Pf2;^^2^_^ A; 

1 

ni,p>0 

since Ajjlg^,, = 5^'^^ volfc|^fc,,. 

We study first the exponential generating functions Gi,Hi for the constants Pf^^, i-e. 

(3.2.8) G,{x,y):^ ^ Pf^^^^p.p ^ 

m,p=o m.p. 

°° 2+1 x'^y^ 

(3.2.9) Hi{x,y) ■■- ^ Pf2m+2p+i,p ~- 

m,p=0 m.p. 

Lemma 3.12. 

(3.2.10) G,(x, y) = ^^^^ (1 - 2X{x + y))"^"^ (1 - 2Ay)-i 

(3.2.11) H,{x,y) = (1 - 2X{x + y))-^-^ (1 - 2Ay)-t . 

^! 

Proof. We claim that 

(3.2.12) Gi = (l-2Ax-2Ay)i7, 

(3.2.13) F, = (l-2Ax-2Ay)— ^-AG,+i. 

ox 

To prove these claims, we establish first the relation 

(3.2.14) Pfi,p = Pft\,p + (^ - 2p - l)APfi_2,p +2pAPfi_2,p-i, k > 2p. 

By the remarks following Proposition 12.51 and recalling Lemma 12.311 in order to find T(A;)|^fc,p 
it is enough to calculate the density at x of the Ith Lipschitz-Killing curvature measure of the 
Riemannian submanifold ex.p^{E'''P). 

To accomplish this, we choose the frame {cj, ej} as in Lemma l3.10l so that ei, . . . , efc_2p span the 
totally real subspace orthogonal to the complex p-plane P c E'^'^, and ek-2p+i,e j^_2p+i } • • • > ^k-p, e^-^ 
span P . Let be the associated coframe, and let be the curvature forms where 



/ = {l,...,A;-2p, A; - 2p+l,k - 2p+l . . . ,k - p,k - p}. 

Then, by (l2X2]) . 

(3.2.15) Ffi dvolEk,p = — TT— Tq-Esgn(e) [6,, a ■■■ a9,^ An,^^^,^^^ a ■■■ An,^_^,^]\j^k.p 

l\{^)\2~ e 

if A; - / is even, and Pf^p = otherwise, where e ranges over all bijections {1, ... ,k} / and the 
sign is determined by an appropriate identification of {1,... with /. By the Gauss equation, 
the curvature forms at x of our submanifold are simply the restrictions of the curvature forms of 
the ambient space CP^. Singling out the first coordinate, we partition the terms in (|3.2.15p into 
three groups: 



30 ANDREAS BERNIG, JOSEPH H.G. FU, AND GIL SOLANES 

• those including the factor 6i, 

• those including a factor ilij, j < k - 2p, 

• those including a factor ilij or j > k - 2p. 

Each group yields some multiple of the volume form of E^'"^. 
Clearly the first group gives 6i a (Pf/7_\ p dvolEk-i,p). 

Among the second group, let us fix an index j and consider the terms including ^lij. By Lemma 
I3.10( the sum of these terms is A^i a 9j a (Pffe_2,p c?vol£;fc-2,p) = APf{j,_2,p dvol^k.p. Since there are 
k-2p- 1 possible choices of the index j, this yields the second term of (j3.2.14p . 

The last term of p.2.14p is accounted for similarly by the last group. 

Writing out the exponential generating functions for the odd and even cases using p.2.14p . we 
obtain using the rules described in section 2.3 of [53] 

(3.2.16) Hi^Gi + X{2x + 2y)Hi, 



i+l 



dx. 



(3.2.17) Gi+i = J Hidx + X{2x + 2y)G^+i-\ J G 

The first relation is (13.2. 12p . and differentiating the second relation we get ()3.2.13p . 

A direct calculation shows that the given functions (I3.2.10p , (]3.2.1ip satisfy the relations (I3.2.12P , 
(|3.2.13p . It remains to show that (13.2.10p satisfies the correct initial conditions, i.e. that if we 
substitute x = in the given expression then 

(3.2.18) G,(0, y) ^ = ^(1 - 2Ay)--^ i = 0, 1, 2, . . . . 

Recall the relation 

(3.2.19) t2^(cpfe)^^2ij^^ + lj^_, 

of Corollary 12.341 Together with (|3.2.6p this gives 

(3^2,20, pfi;,,=^(p;;)A.-.. 

On the other hand, the right hand side of ()3.2.18p is 

which concludes the proof of the lemma. □ 

Now we may finish the proof of Theorem 13.111 From Lemma 13.121 and equations ()3.2.5p , (j3.2.6p , 
(j3.2.7p we deduce that the exponential generating function for t^* in terms of the [A2m+2pp]A is 

and that the exponential generating function for t^*^^ in terms of the [A2m+2p+i,p]A is 

\ vr vr / \ vr / 

By Lemma [3.9| the corresponding exponential generating functions in terms of the are obtained 
by multiplying these last functions by ^ 1 - ^ j . 

Finally, we claim that the exponential generating functions with respect to the r^^ are obtained 
by substituting x for x + y in these last formulas. Expanding each {x + y)''y^ and writing down 
the corresponding linear combination of the fi'^^, this conclusion follows at once from Definition 
Ml □ 



22i+l 



vr 
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3.3. Dictionary between /^^ ^ and t, s. So far we have expressed the elements of the Lipschitz- 
Kilhng algebra in terms of the bases fJ-^q,T^q- The following proposition (which we prove in section 
15.21 below) allows us to express any monomial fs^ in these terms. 

Proposition 3.13. 

.oon , ,A (fc-2g + 2)(fc-2g + l) , 2(g + l)(fc-g+l) . 



.oooN A {k-2q+l){k-2q + 2) ^ (g+l)(2g+l) 

(3.3.2j . ■ T,,, = 2^(fc + 2) "^^+2,, + vr(A; + 2) "^^+2,9+1- 



Conversely, every invariant valuation can be expressed as a polynomial in s,t: 

Proposition 3.14. The algebra is generated by s,t. The kernel of tt ■ M[s,t] -> is contained 
in Wn, the ideal of polynomials with all terms o/deg >n+l (where degs - 2 and degt - 1). 
In particular is isomorphic to the algebra of formal power series M[[s,t]]. 

Proof. The case A = was proved in [4J. For A ^ 0, let us consider the composition 

^■.M[s,t]-^Vl^Vl 
where Fx is the vector space isomorphism given by 

(3-3.3) FxiHk,q) - f^k,q- 

Lemma 13.81 ensures that Fx is well-defined. 
Theorem 13.111 and Proposition 13.131 show that 

V'(sV)es¥ mod Val^^''^ 

k>2i+j 

By reverse induction on 2i + j, one shows that tp, and hence vr, is surjective. 

Let now p{s,t) e kerip, and write p{s,t) - T,i>dPi{^ii) with pi{s,t) homogeneous of degree i. By 
the previous property, 

0^i^{p{s,t))=pd{s,t) 

modulo 0j>^Val^'"\ Hence, Pd{s,t) vanishes as an element in Val^*-"^ By the A = case, 
d>n + l. □ 



Proposition 3.15. Denoting 

(3.3.4) V ■■^t'^il- Xs) 

(3.3.5) u:^is-v 



we have 



k 

(3.3.6) T^^q = (1 - A.) I vl-'^u'^ 

UJk{k - 2q)\(2q)\ 

k 

(3.3.7) = ,, (1 - As) 2 -"+1*^-29^'?. 
^ ' Uk{k-2q)\(2qy} ' 

Equivalently, 

[-1 k 

(3.3.8) f^iq . (1 - A.) E(-irf ) - 



i=q 



\q) ojk{k-2i)\{2i)\ 
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Lemma 3.16. Define the linear operators 0,V ■ R[[^,r]]] R[[w,u]] by 



O Cmpi rf) ■— ^ Cmp ^2m^ ^2p^ 
V{Y^Cmprv')---To 



- (2m. !)(-)© 



m+p /\ p > ^m^p^ 



Then 



(3.3.9) ^ JO(5.)=^^^(l-— ) 

(3.3.10) V{hi)^v' {\-v-uy''-^ . 
Proof. Since 

the relation p.3.9p for i - follows at once. 

In view of the equation gi = (2i^i)!! ^^^ffo ^^'^ obvious relation 

the general case now follows. 
Using the expansion 

the relation p.3.10p follows similarly. □ 

Proof of Proposition \3.15[ Let p ■ be the linear map sending r^^ to the right hand side 

of (j3.3.6p . We will prove first that p is the identity on the subspace spanned by powers of t. The 
proof will be finished by showing that p{sp) - s p{p) for any valuation fi e Va- 
By Theorem 13.111 and Lemma 13.161 



(3-3.11) Oo\eZl]-(v'-^\-0 



Pit'l - E (-) 
.(i-a.)Q^)a-'E 

^ ' ' m,p 
^ ' m,p 



m+P Qm+pg. 

P{T2m+2p,p) 



Qm^Qp^ 



Qm^Qp^ 



Qm^QPri 



0,0 

(m + p)\ , , ^ , , p 
— — — — -(Av) (Au)^ 
0,0 (2m)!(2p)! 

/m+pN 
^ \ m / 

0,0 m¥ 



^7.^(A-r(An)^ 



= (l-As)(^')A-^O(50(A^i,An) 



in view of the defining relations (|3.3.4p . ()3.3.5p . One may check by a similar procedure that 
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Finally, let us check that p{s ■ fi) - s ■ p{fi) for any valuation /x. Using Proposition 13.131 we 
compute 

^ (fc-2g + l)(fc-2g + 2) ^ , (g+l)(2g + l) , ^ 



2TT{k + 2) 

{k-2q + l){k-2q + 2) 



TT{k + 2) 



IT' 



k+2 



27r(fc + 2) 
((?+l)(2g + l) 



^fc+2(A:- 2(7 + 2)1(2(7)! 

k+2 



(l-Xs)- 



q+2^k-2q+2^fl 



TT' 



Ti{k + 2) ujk+2{k-2q)\{2q + 2) 



(l-As)2-9+^t 



q+l^k-2q^q+l 



TT 



k+1 



2{k + 2)oJk+2{k-2q)\{2q)\ 
= spirk,q). 



(1 - As)t-''+H^-29^g _ ^g)^2 ^ ^) 



4s 



□ 



3.4. ^ as filtered algebras. 

Theorem 3.17. There exists an algebra isomorphism Ix-Vq^ V" such that 



his) = s, hit) = tVl-As. 



Proof. Let /a ■ -> be the algebra isomorphism defined by Ix{s) - s,ix{t) - t\/l - As. We 
must show the existence of the algebra morphism Ix in the following diagram, where the vertical 
maps are restrictions: 



Recall from [32l[19] that Vq = V^/(/i„+i,o, /^n+2,0), and by Proposition 13.151 

I k I 

^k 



(3.4.1) 



f^Q uJk{k - 2i)l{2iy. 

1 A 

H-kfi 



{i~Xs)^-H^-^\As-t\i~Xs)y 



1- As 



whose image in vanishes if n < A;, by Lemma 13.81 Hence Ix is well-defined. Since it is clearly 
surjective, by comparing dimensions, it follows that Ix is bijective. □ 

According to Theorem 12.211 the following diagram commutes 



pd 



•^0 



v^^* ® v's* 

pd (gi pd 
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Hence the map J\ ■- pd^^ o(/^^)* o pd is a co-algebra isomorphism from Vq to V^, i.e. 

(3.4.2) kxoJx^{Jx^Jx)ok. 
Proposition 3.18. Ja = (1 - Xs)^Ix. 

Proof. Note that V^* is a V]J-module in the usual way. We clearly have 

pd;,((/>l •(/>2) = </'lpd;^((/>2), </>l , </>2 6 Vq 

and 

From these equations we obtain that 

(3.4.3) Ja(0i-02) = /a(0i)- Ja(02), </'i,</'2eVo". 

Since /a(x) - X-, it is enough to show that 

(3.4.4) Ja(x) = (1-As)2. 
Take ^V^. On the one hand, 

(pdA('^), Ja(x)) = (pd(x),/AV) - (voIMaV)- 

On the other hand, 

(pd,(vp),(l-As)2) = (vor,(^(l-As)2). 

To prove p.4.4p . it suffices to check that the right hand sides of these last two relations agree in 
the case := t^'^s^ e V^. For A > we have, from Corollarv 12.341 and equation p.O.Sp . 

W2ri V ^ / V « + 1 / 



By analytic continuation, the same holds for all Ae M. Indeed, by Theorem 13.111 and Proposition 
I3.13| the left hand side above depends analytically on A. 
Let us first assume that z > 0. Using (I3.4.5P we get 

and 

(™,.,,(i-A»)V^P)(":^-M. 

The case i = can be treated in a similar way. □ 

3.5. The principal kinematic formula in complex space forms. We may now deduce that 
the principal kinematic formulas in the CP^ are formally independent of A when expressed in terms 
of the //^g or r^^. Since the A = case was given in [19], the parallel statement holds for all values 
of A. 

From Propositions 13.15] and [3TT8] it follows that 

(3.5.1) Jx{^^k,,) = {l-\s)^xl^. 

Thus the linear isomorphism of (|3.3.3p is given by Fa = (1 - As)"^ Ja. Clearly F\{Tkq) - r^^. 
Theorem 3.19. The principal kinematic formula in CP" is given by 

kxix) = iFx»Fx)okix)- 
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Proof. 

kxix) = ((1 - As)-i ® (1 - Xs)-^)kx{{l - Xsf) 

= (1 - As)-i ® (1 - As)-i)( Ja ® Ja)(A;(x)) 
which with ()3.5.ip gives the desired relation. □ 

One can show similarly that 
(3.5.2) kxif^lg) = (^A ® Fx) o k{{l - As)^fc,,). 

3.6. More isomorphisms. Although we will not make use of them here, there are other natural 
isomorphisms of algebras V" - Vq • 

Theorem 3.20. Lei p e The algebra homomorphism R .MUtju]] M[[t,u]] with 

t Hs- tp{t, u), 
u up{t, u)^ 

induces an algebra homomorphism Vq V^. This map is an isomorphism if and only if p is a unit. 
Proof. We compute 

L-J k 

jt^ u:k{k - 2i)\{2i)\ 
I fc I 



to 0Jk{k - 2iy.{2i)l 



Using (|3.3.7p and Definition 13.71 this gives us 



k 
2 



k,i 

i=0 



A 



p{t u)^ '^^J ^ 

We claim that if A; > n, then s'^ji'^ ^ = in for all q. Indeed, since multiplication by s in terms of 
the //^ is independent of A (compare (j3.3.ip l. it is enough to prove this for A = 0. In this case 



■JGt„_„ 



Since q < k - {n- q), the restriction of fik,q to the (n - g)-dimensional complex affine subspace E 
vanishes by Lemma l3. 81 This proves the claim. 

Thus R maps the kernel of the projection -> Vq to the kernel of VI, implying the first 

conclusion. It is clear that R is invertible if and only if p is a unit. □ 
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Corollary 3.21. (i) The algebra isomorphism IR[[t,s]] -> M[[t,s]] determined by 

t 



t ^ 



s s 

induces an algebra isomorphism R-Vq-^V^. 
(ii) The algebra isomorphism M[[t,n]] ->M[[t,ti]] determined by 

t H> t, 

u 

induces an algebra isomorphism R-Vq V^. 
Proof. Choose p{t,u) , ^ for (i) and p{t,u) 1 for (ii). □ 

4. Tube formulas 

We apply Theorem 13.191 to derive tube formulas for subsets of complex space forms. Our first 
formula, given in Theorem 14.31 is global in the sense that it gives the volume of the entire tubular 
neighborhood of a set or submanifold; as opposed to the local tube formulas, which essentially 
compute the pullbacks under the exponential map of the volume form of the ambient manifold to 
the normal bundles of submanifolds. Thus the global formulas involve valuations, while the local 
formulas involve curvature measures. 

Strictly speaking, the global formulas are simply the reductions of the local formulas under 
the globalization map from curvature measures to valuations. Moreover, the local tube formulas 
in complex space forms were computed in [2] by computing explicitly with the exponential map. 
However, it turns out that the global formula of Theorem 14.31 simplifies in a striking way: it is a 
direct transcription of the tube formula in C", i.e. in an even dimensional euclidean space. This 
formulation also yields a simple global tube formula for totally real submanifolds in Theorem 14.51 
We also show in Section [4.31 below how to compute the local formulas in our framework, and check 
that they correspond to the formulas of [2]. 

Recall the expressions for the volume of a metric ball in CP^ (tSS], Lemma 6.18): 



(4.0.1) vol2n(5,) = — (sn^r) 



\2n 



nl 



If A > then we assume that r < the injectivity radius of the complex projective space CP". 
Lemma 4.1. 

M^,(S.) - W^-'Vsn^(r)csr-'=(r). 

Proof. Let u ■ dBj. S'CP" denote the outward pointing unit normal field, and select a local 
orthonormal frame ei = \/-Ti^, 62,62 := \/-Te2 , . . . , 6„ , 6fi := \/-len for TdBr with dual coframe 
€i ■= e*. By the calculations of Section 6.4 of [35j (the discrepancy in the signs being due to the 
opposite convention for the orientation) 

i^*(3 = ei, 

zv*7 = 2ctA(2r) ei = (ctA -AtnA)(r) ei, 
u*9o = ct|(r) ^ ei A ej = ctl{r)K 

i>2 

v*Oi - 2cix{r) K 
1^*62 - K 
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where k = Ei>2 ^ is the restriction of the Kahler form to T^dB^. Therefore for k < 2n, the values 
of the basic curvature measures on the ball Br are 



(4.0.2) Bk,{Br,-) = Cnkg2''-^'''\n-iy.ctl''-^-\r)dvol9B^, 

(4.0.3) Tkg{Br,-)^Cr,kq2'''^'-Hn-mctx-Xtnx){r)ctl''-''-Hr)dvol9B.. 



Since 



97r" 

vohn-i{dBr) — sn2"-i(r)csA(r) 

(n - 1)! 



we obtain 

(4.0.4) [BuMBr) - c„,,7r"2'^-2''(csi"-'=snt)(r), k > 2q, 

(4.0.5) [TkMBr) - c„fc,7r"2'=-2'^(csr-^sni-Acsi"-'=-2snf2)(^) 

for k < 2n. This gives the stated formula in the case k > 2q, and the remaining cases k - 2q follow 
from a direct calculation after substituting the values Cnkg in the relations (I4.0.5p . □ 

We define 

LfJ ^ 

g=max{0,fc-n} 

In particular, /i^ = /ifc, the kth intrinsic volume. 



Corollary 4.2. 

^^(i?.) = (';)^snt(r)csr^(r). 

\ k / UJ2n-k 

Proof. Lemma Id] implies that ^'^{Br) - csn^(r) cs^"^(r), for some constant c independent of A. 
Taking A = we may evaluate c using the relation fik{B{r)) = Ck):j^r''. □ 

Theorem 4.3. For any sufficiently regular compact A c CP^ 

2n 

X{A n B{p, r))dp^Y. ^2n-kl^l{A) snf -^(r) cst(r). 

fc=0 

In particular this formula gives the volume of the tube A^ if r < reach(yl). 

As stated in the second Remark following Definition 12.11 the precise regularity condition needed 
here is unclear, although it is enough that ^ be a smooth submanifold, or a set with positive reach, 
or a subanalytic set. 

Proof The tube formula in C = R'^"' is 

2n 

(4.0.6) E^2„-fcr2"-Vfc = koixXBr,-)- 



In other words, if 



then for each fixed k 



fc=o 



^O(X) = ak,q,pfJ-kq® lJ'2n-k,p 

k,p,q 

'Y CLk,q,p fJ'2n-k,piBr) fJ-kq - ^2n-kr'^"' ^ l^k- 
P,1 



Since the Hkq are linearly independent, it follows that for fixed k,q 

'YcLk,q,p lJ'2n-k,piBr) - t^2n-kr'^^ ^ 
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and we deduce from Lemma 14.11 that 

T.^k,q,pf^2n-k,pi^r) = UJ2n-k Suf'^'' (r) CS^ir) . 
P 

But by Theorem 13. 191 the tube formula in Adx is given by 

kx{x){;Br) = (Fx ® Fa) o ko{x){;Br) 

k,p,q 

= E^2n-fcSnf-'=(r)cst(r)/i^ 



as claimed. 



□ 



4.1. Tube formulas for totally real submanifolds of CP". Following [35], we say that a 
submanifold N c CP^ is totally real if T^N ± y/^T^N for each x € N. In other words, N is 
totally real if and only if it is isotropic with respect to the Kahler form k of CP^. Theorem 
specializes nicely for such submanifolds. 

Lemma 4.4. Let N c CP^ be a smooth totally real submanifold. Then u\]\f - 0. Equivalently, 



(4.1.1) 



t^ 



4 + At2 



N 



Proof. It is clear that for any differentiable polyhedron P c N, the invariant form 82= tt*k van- 
ishes when restricted to the normal bundle N(P). Therefore the curvature measures Bkq{P,-) = 



^kq{P, •) = if g > 0, SO /ifc (P) = if g > 0. It follows that JP) = if g > 0. In other words, 



^kqlN = for g > 0. 
Thus by Proposition 13.15] 



{s{A + Xt^)-t')\ 



N 



-[(l-A.)-S'i]U-0. 



□ 



Since the restriction map on valuations is a homomorphism of algebras, the lemma follows. 

Remark. In fact u generates the ideal of all elements of Vx that vanish on all totally real 
submanifolds of CP". 

Theorem 4.5. Let N c CP^ be a smooth totally real submanifold. Then 



(4.1.2) 
Thus 



vr 



t' 



N 



7+1 



N 



Y.^ki4 

k 



; exp 



N 



TTt 



N 



Proof. By Lemma 14.41 and Proposition 13.151 modulo the kernel of the restriction V" V(A^), 



A _ A 
l^k - ^k,0 



klujk 
k\uk 



k 



t" 



j + 1 
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,2 

after substituting ^q-jp- for s. □ 

Thus the global tube formula for totally real subsets is intrinsic. 

4.2. Kinematic and tube formulas for complex subvarieties. When restricted to complex 
analytic submanifolds of CP^, the array of invariant curvature measures and valuations simplifies 
greatly. 

By a complex analytic subvariety of CP^ we mean a subspace X c CP^ with the following 
property: there exists an open cover {Ua} of X such that for each a there are complex analytic 
functions /i, . . . , /at on Ua with X nUa - Plili fi^i^)- Thought of as a subset of Uo Ua, where the 
Ua cover X as above, a complex analytic subvariety X c CP^ admits a normal cycle. 

Put CMeas^ for the vector space spanned by the restrictions of elements of Curv^*-"^ to Borel 
subsets of complex analytic subvarieties of CP", and 

Rx ■■ Curv^f"^ ^ CMeas^ 

for the restriction map. For Aq > we define also caq : Curv^^"^ -> M"^^ by 

eAo(^)-([^]Ao(CP°,J,[<I>]Ao(CPl„),...,[$]Ao(CP^o))- 

Note that 

(4.2.1) [r2fc,.]Ao(CPlJ = 5jvol2,(CPl^) = 
Proposition 4.6. Let A e M and Aq > 0. Then 

(4.2.2) ker i?A = ker(glob;^^ oR^^) = ker = span{Bkq}k,q ® span{rfc, : k > 2q}. 

Here we abuse notation by putting globAp for the obvious map from CMeas"^^ to the space of 
finitely additive set functions defined on algebraic subvarieties of CP^^. 

Proof. The normal cycle N(X) of a complex analytic subvariety X c CP^ is an integer linear 
combination of the normal cycles of its strata [29j . Thus the restriction of the distinguished 1-form 
(3, referred to at the beginning of Section [3TT] above and defined in [HIIH], vanishes identically on 
N(X). It follows that Oi - d/3 also vanishes. Since the defining differential forms of the B/^g are 
multiples of /3, and those of the F^g are multiples of if A; > 2q, it follows that the indicated kernels 
include the span of these elements. 

On the other hand, if X c CP^ is a g-dimensional subvariety then T2q^q{X,-) is the volume 
measure of X, and F(X, ■) = for p> q. It follows that the R\(T2q,q) (and their globalizations) are 
linearly independent. Using (j4.2.ip it follows that all kernels are as indicated. □ 

Thus we arrive at the following simple description of the integral geometry of complex analytic 
submanifolds of the complex space forms: 

The transfer principle holds in the following sense. Let 5a : CMeas^ ^ Curv^(") be the 
unique right inverse of Rx with Sx o Rx{T2q^q) - ^2q,q- The local integral geometry of 
subvarieties of CP" is then encapsulated by the restricted kinematic operator 

Kc,x ■■ CMeas^ ^ CMeas^ ® CMeas^ 

given by 

Kc,x = {Rx^Rx)oKoSx. 
In other words if we express the local kinematic operator K in terms of the basis {B^q, F^g}, 
then K^ x is obtained by restricting to span{F2g,g}g and projecting to span{F2g,g(8)F2r,r}g,r- 
If A > then the restriction to span{F2q,g}g of the globalization map yields a bijection to the 
space of valuations restricted to complex subvarieties. Hence the local kinematic formulas 
can be read off from the global kinematic formulas. 
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• There are convenient template objects in the compact spaces of the family that permit the 
evaluation of the global kinematic operator by elementary means. 

Theorem 4.7. 

IT'-Q- i+j=n+q 

Proof. By the remarks above, we already know that a formula of this type exists. To compute the 
coefficients, we use as templates CP^,CP-^, taking into account ()4.2.ip . □ 

The span of the curvature measures T2q^q admits a different basis that is more closely adapted 
to the language of topology and algebraic geometry, namely the Chern curvature measures defined 
below. In fact it is natural to define these curvature measures on a general Kahler manifold. Note 
that the sphere bundle SM of any Kahler manifold M admits canonical 1-forms a,/3,7, where a is 
the usual contact form, /3^(w) := {£,, \/-l7rM*v) and 7 is the vertical (with respect to the Levi-Civita 
connection) 1-form whose restriction to each fiber SxM is the unit covector field parallel to the 
Hopf fibration. If M - CP^ then these forms agree with the like-named forms defined in [19j and 
[T]. In the general case, the form 7 described here corresponds to a multiple of the form called /3 
in [22]. 

Theorem 4.8 (|29j). Let M be a Kahler manifold of complex dimension n. Then there exist canon- 
ically defined differential forms 7^ e ft'^"'^'^''^^{SM) such that for any subvariety X c M, possibly 
with singularities, each current ■km*{N{X) \-^k) is closed and represents the Chern- MacPherson 
homology class Ck{X). The 7^ are polynomials in 7,c?7 and the Chern forms of M . 

Proof. In [29], a similar construction was given by contracting the projectivized conormal cycle 
¥'N*{X) against certain differential forms 7^ within the projectivized cotangent bundle P*M. This 
may be restated in terms of the full conormal cycle N*{X), within the cosphere bundle S*M, by 
pulling back the 7^ via the Hopf fibration S*M ¥*M and multiplying by an appropriate multiple 
of the 1-form /3 defined in Section 1.4, op. cit. The proof of the first assertion is concluded by 
pulling back to SM via the identification SM =^ S*M induced by the Kahler metric. 

The second assertion follows directly from the construction of j29j . □ 

Definition 4.9. Let M, 7^ be as above, and let k denote the Kahler form of M. We define the 
Chern curvature measure to be the curvature measure on M corresponding to the differential 
form jk ^ ^ ri^""^(S'M), and Chern valuation Ck to be the corresponding valuation. 

Proposition 4.10. If f : M -* M is a Hermitian isometry of M and f ■ SM SM the induced 
map, then f*{jk ^ 1^^) - ^ ■ In particular, Ck,Ck are invariant under f. 

Proof. This follows at once from the canonical nature of the construction of [29] . D 

In particular, if M - CP^ then the Chern curvature measures and Chern valuations are invari- 
ant. As elements of Curv^*-"^ the former vary analytically with A, so we denote them by C^,c^ 
respectively. 
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Proposition 4.11. 






(4.2.3) 




q>k \f^+ L/ \TT/ 


(4.2.4) 




Q- k>q^ T^l 


(4.2.5) 


l^2q,q ■ 




(4.2.6) 


4- 





Proof. From the last assertion of Theorem 14. 81 and Lemma 2.4 of ^j, we deduce that the differential 
forms determining the are polynomials in 7,^7 = 29q - 2{a a (3 + 62) and the Chern forms of 
CP", which are themselves multiples of powers of the Kahler form 62 of CP^. Thus IS a 
linear combination of the ^2q,q- It remains to show that the coefficients are as given. By analytic 
continuation, it is enough to do this for A > 0. 
By the proof of Corollary 12.341 if j > k then 

(42,7) 4(CPi) = /^^^^ch,_.(CP^,)..'= = (^)'(^:;;) 

and c^{CF^) - if j < k. Using (|4.2.ip this is sufficient to determine that the coefficients in (|4.2.3|) 
are as stated. 

Equation (14.2.60 follows by globalizing ()4.2.3p . taking into account Lemma 13.91 Next, (I4.2.5P is 
an easy consequence of (|4.2.6p , and finally (j4.2.4p follows from Lemma 13.91 and (|4.2.5p . □ 

Using Theorem 14.71 we may now deduce the complex kinematic formula in terms of the Chern 
curvature measures. Put Ch^ := Rx(Cq). 

Corollary 4.12. 

(4.2.8) i^c,A(Ch,^)^ E (--^'""7'"''1ch^^Ch^ 

In particular, if \> and X,Y c CP" are (possibly singular) subvarieties in general position then 

(4.2.9) c,(Xny).(-l)" E {--f'''(^^^'%kiX)ciiY). 

k+l>n+q^ ^' \ n I 

The projective (A > 0) cases of these formulas were given by Shifrin in |45t I46j. 
Proof. By Theorem 14.71 and Proposition 14.11] 

£Hr(!:;)-^)«fe(-r(::;)H 
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SO the relation (|4.2.8p follows from the numerical identity 



i+j>n+q 

To prove this we write the left hand side as 



In view of standard identities (cf. e.g. [53], Section 2.5), the last expression is (-1)"+'' times the 
coefficient of x"("+''+^) in the Laurent series 



(1 \ k+l+2 
1+ M .x-(^'+'+2)(i^^)fc+/-<^ 



which yields (j4.2.10p . 

To prove the intersection formula (I4.2.9P for projective varieties, we recall the well-known fact 
that the set of positions g e G\ such that X, gY fail to meet transversely has real codimension > 2 in 
G\. Thus the complementary set S c G\\s connected, and the map g N{X c\gY) is continuous 
on S. Since f{g) '■- Cq{X n gY) is given as the integral of a fixed differential form on the sphere 
bundle of CP^, it follows that / is continuous at each g i S. On the other hand, f{g) is a linear 
combination of characteristic numbers of the variety XngY, with coefficients given as powers of j. 
The set of values of / is discrete, so / must be constant, with value given by the kinematic integral 
divided by the volume of G\. □ 

Using Theorem 14.31 we may also deduce the local tube formulas for smooth complex analytic 
submanifolds of CP^, which are equivalent to the local tube formulas of Gray ([35], Thm. 7.20; 
[34J, Thm. 1.1). 

Theorem 4.13 (Gray). Let X c CP^ be a smooth complex analytic submanifold, and U c X a 
relatively compact open subset. Then for all sufficiently small r > 

vol(exp((Af(X) nvr^^t/) x [0,r])) = 

|:a;,..2.sni"-2'=(r)csf(r)l|:(-^)'"'(^Jc/(X,C/). 

Proof. For < r < consider the invariant differential form i/j^ e $7^""^(S'CP") given by 

i^r '■- / ^-2- exp* dvolAf dt 
Jo at 

where exp : SCP^ xM CP^ is the exponential map and ^ is the tangent vector field to the M 
factor. The form is clearly invariant under the action of the isometry group, so the associated 
curvature measure ^'^ := integ(?/'^, 0) belongs to Curv^*-"^. From the definition we have 

vol(exp((iV(A) n^-i[/) x [0,r])) = ^^(A,C/) 

for any smooth submanifold A c CP", any relatively compact open set U c X and r > sufficiently 
small. 

By Propositions 14.61 and [331 we have keri?;^ d kerglob;^. Hence there exists a map : -> 
CMeas" such that Rx-rx° glob;^. By (|4.2.5p . this map is given by rA(/i^ ) = for ki^2q and 
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Using Theorem 14.31 we have 



2n 



k=0 
n 

= E ^2n-2g Sllf "^^(r) CS^^ (r)r a (^29,9) > 
9=0 



and the result follows. □ 
Corollary 4.14 (Gray, [34j). The volume of the r-tube around CP™ c CP", A > 0, is given for 



vol((CPr).) = ^E3^Qsnr-(r)csf(r). 



Proof. Globalizing Theorem 14. 131 and replacing (|4.2.7p leaves us with a double sum which simplifies 
to the given formula. □ 

4.3. General local tube formulas. Let M" be a Riemannian manifold with injectivity radius 
ro > 0. For < r < tq, the volume of the tube of radius r defines a smooth valuation Tr e V(M), 
namely 

Tr - / xi- ^B{p,r)) d vol Mip). 

On the other hand, the exponential map determines a curvature measure Tr with = [Tr], as fol- 
lows. Let exp : SM xM M be the exponential map of M. We then define Tr ■- integ(^/^r7 c^voIm) ^ 
C(M), where 

ibr i± (exp'rdvoUf)) dt e n'^-^(SM). 

Jo at 

Next we show how to recover the curvature measures Tr from the valuations by valuation- 
theoretic operations. In particular this permits us to derive the local form of the tube formula 
in complex space forms from the global formula given in Theorem 14.31 Recall from [19] the first 
variation operator (5:V(Af)->C(M). 

Theorem 4.15. In a general Riemannian manifold, 

r r 

Tr - vol + / 6ts ds. 
Jo 

This theorem is an immediate consequence of the following proposition. 

Proposition 4.16. Let A be a compact domain with smooth boundary and reach ^ > r. Then, for 
every smooth function f e C°°{M), 

-^Tr{AJ)^6Tr{AJ). 

dr 

Proof. Let u be the unit outer normal field along dA, and let X be a smooth vector field on M 
with X(x) - f{x)v{x) for every x e dA. Consider the fiow Ft ■ M ^ M defined by X, and the 
induced fiow of contact transformations Ft ■ SM SM. Then 



rAFtA) . ^ 

t=o dt 



V0\{{FtA)r). 

t=0 



Let exp : TM M be the exponential map, and exp^ : SM M he given by exp^(x, v) - exp(x, rv). 
Then d{FtA)r - exp^, oFt{N(A)). Denoting Gt - exp,,. oFt, we look for the derivative at f = of the 
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volume enclosed by Gt{N{A)). Hence, the first variation formula for volume (cf. e.g.|47j, p. 193, 
eq (II)) yields 



d_ 

dt 



Vol{(FtA)r) ^ f Gt{x,u{x)),iyriy)] dy voln-l 

JdAr \ dt 4=0 / 



where x - x{y) is the point in A closest to y, is the outer unit normal vector to SA^, and (ivol„_i 
denotes the surface area of dAy. 

By the lemma below (taking {p{t),v{t)) - Ft{x,u{x))), the integrand in the last integral equals 



(- 

\ dt 



Gtix,u{x)), 
t=o du 



t=0 



Ft(x),Kx) =/(x) 



and the result follows. 

Lemma 4.17. Let {p{t),v{t)) be a curve in SM. Then 

exp(p(0), sf (0)) 



□ 



d_ 

dt 



d 



exp{p{t),rv{t)), 

t=o ds 



t=o 



p{t),v{0) 



Proof. This is an easy exercise in Riemannian geometry. 



□ 



Theorem 14.151 may be applied to the CP^ via 
Proposition 4.18. 

/ 

(4.3.1 



1- A ^2n-k-l 



27rAfc_i-AX;(^-2g+l)5fc+i,q 

g=0 



\ 

Proof. This follows from Proposition 3.7 in [1]. 
Corollary 4.19. In CP^, 

2n 

E 

fc=0 ~ cj=0 

Formula (j4.3.2p was obtained in [2] by classical differential geometric methods. 



□ 



(4.3.2) Tr = vol + ^ a;2„_fc-i(27rAfc_i -XY,{k-2q + l)5fc+i,,) T snf -^=(5) cs^(s)d, 

i,-r\ ^ n-n -'0 



5. Curv^^") AS A MODULE OVER VaF^"^ 



By Corollary [220 the semi- local kinematic formulas can be obtained from the module structure. 
Since Val^*-"^ is generated by t and s, it is enough to determine the action of these valuations on 
Curv^^"^. This will be achieved in this section. 

The basic outline is as follows. Multiplication by s is determined by two properties, which will 
be shown below: it is independent of the curvature A, and it maps the span of the B^p's to itself. 

Multiplication by t is determined by the angularity theorem 12.281 and the obvious fact that it 
commutes with multiplication by s. 

5.1. Characterization of the curvature measures Bk^q. Put Beta c Curv^(°°) for the space 
of all curvature measures <I> with the following property. Let /c be a nonnegative integer, A c 
a differentiable polyhedron, F^'^ a A a, face of dimension 2k and x € F. Suppose that TxF is a 
complex fe-plane. Then the density at x of ^{A, ■)\f with respect to 2k dimensional volume is zero. 

Let Betam = Beta n Curvm^""'. 



Proposition 5.1. Beta^ = span{i?mp}- 
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Proof. Recall that each Bm,p is represented by a multiple of (3. Let F be a face of a smooth 
polyhedron, and assume that TxF is a complex space for some x € F. Then P vanishes at every 
C € N{F) lying over X. Hence span-[i?^ p} c Beta^. 

We claim that Beta^n n Ang = {0}. In order to prove the claim, suppose that $ = T.dj'^mj 
belongs to Beiam- We will show that $ = 0. 

Let Zj = Xj + iyj, j = 0,. . .k be coordinates for C*'"'"^, and consider the domain 



F>k-=^z:yo<^{yl + --- + yl), xo<o|c 



Thus the boundary of consists of two smooth pieces meeting along the 2A;-dimensional subman- 
ifold 

Vk- {a;o = 0,yo = ^(^y? + ••• + yfe)}• 
Now, for any p < y , put k:= m-2p and consider the domain 

The boundary again has two smooth pieces, meeting along the singular locus 

Wk,p := Vk X CP, 

which has tangent plane ToWk^p = x C'^"^^. We show that the density of Ajn,j{Ejn-2p,p, ')\Wk p 
is 

Q^'' {^m,j{Em-2p,p,-)\Wk,p,0) = ^_ 2p ^ 2^ Q^^(rm,j(-£^m-2p,p, OlWfc,^, 0) = (^pS^ 

for a constant ap + 0. 

Let Zj - Xj + iyj and wi=ui + ivi (with j = 0, . . . ,k and / = 1, . . . ,p) be coordinates in C'^^^^^. Let 
(,j,Tij and nijUi be the corresponding coordinates for the fiber of TC''^^^^ C^"''^"''^. The fiber of 
N(Ek,p) at + . . . yl),zi,. ..,Zk,wi,... ,Wp) e Wk,p is the quarter circle 

; cos V(l, 0, . . . , 0) + i ^ =(1, -yi, -yk, 0, . . . , 0):0 < < - 

yJl + yl + ... + yl 

This defines a parametrization F{'tp^z,w) of the N{E]^ p)\ . Evaluating at (^,0,0), 

F*dxQ = F*dyo = 0, 
F*d^o = - sin F*dr]o = cos i/jdip, 

F*d^j = 0, F*drij = - smtl^dyj, j = 1,. . .k, 
F*dfii = F*dui = 0. 



Since 



^0 = X! ^ d'^j + YldfiiA dvi, 

j I 

6i = ^(dxj A dr]j + d^j A dyj) + ^(c?u; A dvi + d^i A dvi), 
J I 
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one computes 

F*eo = 

F*9i - - simp ^ dxj a dyj 

i+o 

F*92 - ^ dxj A dyj + ^ dui a dvi 

j*o I 

at {ip, 0, 0). Hence, 

F*{im,) - ^F*(7 A e^-^ A 0^2^- A ei) = 

unless j - p. In this case 

(5.1.1) F*{-frn,p) = F*{j A 9^ A 9^)1^ ^ d^ A {- sin^jf k\p\ f\dx j a dyj a f\dui a dvi. 

j I 

So the density at is nonzero, as claimed. This shows that Beta^ n Ang = {0}. 
We deduce that 

Curv^(") = span{S^,p} e Ang^^") c Beta™ e Ang^(") c Curv^^"), 
and the result follows. □ 

5.2. Multiplication by s. From this point we identify C'^^(CP") and Curv^*'"^ by Proposition 
12. 5i Our next goal is to determine the action of s e on Curv^'"^ . By Proposition 12.81 and 
Theorem 1 of [1] this action depends analytically on A. 

Proposition 5.2. The action of s on Curv^'-"^ is independent of \. 

Proof. By analytic continuation, it is enough to show this for A > 0. Recall that voI(Ga) = vol CP" = 
T^— 7 and that 

A^-^n! 

s 

where P\ is a chosen complex hyperplane. 
Thus for (/> e V" we have by Proposition 12.171 



^^^n' r 
it"- JGx 



A""^n' 
vr" 

Now 

[BkMPx) - 0, 

[rkMPx)-0, {k,q)t{2n-2,n-l) 

[r2„-2,„-l]A(PA) = VoI(Pa) = Vol(CPr') = ^n-l^^_iy/ 

Hence, for <I> e Curv^^"\ 

Tl 

(pdAOglobA$,s) = -(^,r;„_2,n-l), 
TT 

where ^2n~2n-i indicated element of the basis dual to the -Bfc,g,rfc ,j. 

By Corollary [22Q] it follows that for $ e Curv^^") 

s ■ $ = {{id® (pd^oglob;^)) o K{^),s) 

= ^(K(cI>),r2V2,n-l)- 

By the transfer principle Theorem 12.231 the last expression is independent of A. □ 
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Proposition 5.3. 

sBetafc c Betafc+2- 

Proof. Suppose ^ e Beta^. Let x e c A be as in the beginning of subsection 15. li By Corollary 
[2361 for any Borel set U c F 



s-<^>{A,U)^ f_ <^{HnA,HnU)dH 

-/Grc(n-l) 



= /_ ( / gH{y)dyVolHnF]dH, 

JGrc(n-l) XJHnU / 



/Grc(n-l) 

where gn e C°° {H n F) is the density of (^{H n A,-)\HnF with respect to dwolnnF- The coarea 
formula applied to the map p-F x Grc(n - 1) Grc(n - 1) given by H) - y + H yields 

s-^{A,U)^f ([ g fiiy)-iacp{y,H)dH]dyVolF, 

JU \,-yGrc(n-l) " I 

where jacp is the Jacobian of p. The latter integral between brackets is the density function of 
s- with respect to d\<Ap. It vanishes for y - x, since gnix) vanishes for every H. Hence 

s • <I> e Beta. □ 



Lemma 5.4. Put 

j>k \ q<j^l 

Then 



U(oo) 

urv ' . 



Proof. That = [$^]a was shown in [T]. To prove the second equality, it is enough to check 

q>k ^ q>k ^ i>0 ^ Q- 

q>kj>q ^ 

- E E = E - ^ + i)[r2,.]A. 

j>kq=k ^ j>k ^ 



□ 



Lemma 5.5. For A e M, define the linear map a ■ span{r2g,g ■ q>0} ^ by 

^^2q,q 

Then 

J^/\\Uq + k)\^^ 

2q+2k,q+k I - 27r(g + 1) '^*2g+2,q + " ^/^2g+2,g+l • 
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Proof. We compute using (I3.1.4p 

"^IZlf"") iQ+ ^y-^2q+2k,q+k\^ -T]!-] {Q + k + l)\[T2g+2k+2,q+k+l]x 

The first of tliese sums is -^^^1^/^29+2,9+1' while the second and third collapse to give 27r(g+i) ^2g+2,q) 
which establishes the result. □ 

Lemma 5.6. There is at most one linear operator a ■ Curv^^°°'' Curv'^'-°°-' with the following 
properties: 

(i) a is of degree 2; 

(ii) globo(o-<I>) = sglobo(<l>) for all e Curv; 

(iii) cr(Beta) c Beta; 

(iv) (T(ker glob;^) c kerglob;^ for all X, i.e. a induces an endomorphism ofV^; 

(v) for every \, if - glob;s^(<I>) for some ^ e Curv^^°°', then s^*'^ - glob_x,(cj<I>). 

Proof. Suppose cri,(T2 are two operators with these properties and set a ■- ai - a2. We want to 
show that £7 = 0. By (ii) we have 

(5.2.3) globo(cT^>) = V$ € Curv. 

By (iii) we have 

= globo(crSA:,g) = globo (^Cp5fc+2,p) = Y.Cp^lk+2,p- 

V 

Since the valuations fj,k+2,p are linearly independent in Curv^^°°-', we must have Cp - for all p. 
Hence a vanishes on Beta. 

Let max{0, k-n+l}<q<^. By Lemma 13.31 



{2n-k){q + l)\ 
Tk,q - B,, . 2(n-fc.g)vr ^^'^^'^^^ ' ' 

By (iv) and using what we have shown we obtain that glob;j^(o"rfc g) = 0. Proposition 13.51 implies 
that crVk^q - 0. Note that this argument breaks down if = 2q. 

Let us finally prove by reverse induction on q that o'r2g,g = in Curv^*-"^ for all q - 0, . . . ,n. 
For q - n this is trivial. Suppose that crT2q^q - for all q > k. By (v) and Lemma 15.41 we have 
C7<I>^ e kerglob;^. On the other hand, by the induction hypothesis and by what we have already 
shown, 

A;' 

^fc e -7:r2A:,fc + kercj 

It follows that aT2k,k ^ kerglob^;^. Using Proposition 13.51 we obtain that aT2k,k = 0. □ 
Proposition 5.7. The action of s on Curv^'-°°-' is given by 

(r,oA\ . n (fe-2g + 2)(fc-2g + l) ^ 2(g+l)(fc-g+l) ^ 
(5.2.4) . . B,,, . ^-^^ B,,2,q + ^^^^ i?.+2,,+i 

ik-2q + 2)ik-2q+l) ^ 2(g + l)(fc - g + 1) ^ 

(fc-2g + 2)(fc-2g+l) ^^ 2(g + l)(fc-2g) 

^^■^■^^ vr(fc + 2)(A: + 4) ^'^'''^ ' n{k ^ 2){k ^ A)^'^'^'^^'' 
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In particular, 

(5.2.6) S-A'fc,g = r— 71 ^fc+2,g + 77 TT iVA;+2,g+l 

(5.2.7) . . r^,,, = ^r2,.2,,.l + ^;^(^^2,.2,, + ^^^(^^^2,.2,,. 

Proof. By Proposition 15. 2|, multiplication by s is an operator on Curv^*^°°-' which is independent of 
the curvature A, and which clearly enjoys properties (i,ii,iv,v) of Lemma [5.61 Proposition 15.31 states 
that property (iii) is satisfied as well. 

Now let a be the linear operator on Curv^^°°-' defined by the formulas above. We claim that a 
satisfies the properties in Lemma 15.61 By the uniqueness statement of Lemma 15.61 it follows that 
s - a. 

Properties (i), (iii) are trivial. Since globo(i?fc^q) = globo(Afc^q) = fj,k,q, property (ii) follows from 
the formula 

(fc-2g + 2)(fc-2g+l) 2(g + l)(fc - g + 1) 

(5.2.8) s^^,,, . ^^^(k^^) ^(fc72) ^'^''"^'^ 

which follows from equation (37) of [19j. The kernel of glob;^ is spanned by the measures A'^fc^g + 
X^^Bk+2,q+i- Using this, one checks directly that a{keic gloh^) c kerglob;^, which is property (iv). 
To establish property (v), observe that, by (|5.2.4|) and Lemma E31 the induced maps ax ■ 
are intertwined by the linear isomorphisms determined by fj,^^ i-s- On the other 

hand, we know from ()5.2.8p that a ■- ao agrees with multiplication by s, i.e. 



Therefore, taking A' = 0, 



s 



A 



q 

In view of Lemma 15.4^ this implies that a\{s^) = s^^^ for all A e M. □ 

Proof of Proposition \3.13X In view of the validity of the Proposition for A = 0, this follows from the 
intertwining property in the last paragraph. □ 

5.3. Multiplication by t. We complete the description of the Val^^""-* -module structure of Curv^'°°-' 
by determining the action of t e Val^^""-* on Curv^*-°°-'. Notice that by Theorem 12.281 and the results 
in [12] we already know that 

tAfc,g = [{k-2q+ l)^k+i,q + 2(g + l)Afc+l,g+l) . 

It remains to find tN^^g. By using that tsAo,o = stAo,o one gets easily 
(5.3.1) tiV . l^iVg +^Ar3 

Lemma 5.8. 
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Proof. We know that tA'^i^o - cN2fi for some constant c. Let us work in dimension n = 3. The 
principal kinematic formula on is given by (cf . \19\ \ 



16 16 

(5.3.2) k{x) = Aio.o ® Ai6,3 + /^e.s ® /"o,o + T^Ati,o ® /^5,2 + 7^^5,2 ® Mi,o 

lovr lovr 

5 5 11 

24 24 o 

1111 

+ -^J'2,1 ® /W4,l + 7^4,1 ® M2,l + Tr/"2,1 ® fJ'4,2 + T/"4,2 ® ^2,1 

b 6 6 

2 4 4 16 

+ T;-/"3,0 ^ /^3,0 + — /^3,0 ® /W3,l + 7^M3,1 ® /"3,0 + 77^/^3,1 ® /i3,l- 
Jvr yvr 9tt 27tt 

We multiply it by x ® -^1,0 and obtain, according to the first equality in (|2.3.25p . 

15 \15 10/ 5 

where we have used (jS.S.Sp to express fik,q in terms of s,t, as well as equations (|5.2.6p and ()5.3.ip . 
Since the kernel of the globalization map is spanned by A^i,Oi -^2,0) -^3,1 we deduce, by the cocom- 
mutativity of K, 

K{Ni^o) = A^i,o ® A6,3 + A6,3 ® iVi,o + 7^(^2,0 ® ^5,2 + ^5,2 ® A^2,o) 

15 

/ 2 1 \ 2 

+ ( — C- — 1 (iV3,i ® A4,i + A4,i ® iV3,i) + -(iVg^i ® A4,2 + A4,2 ® Af3,l)- 

Globalizing in M| yields the kinematic formula kx{fj,^^i). In that fomula, fi'^ i ® /X5 2 appears with 
coefficient On the other hand, from (j3.5.2p 

kx{^iil) = (Fx ® Fx) o (/i3,i ® (1 - As)) • koix)- 

By (15X21) . using 

Svr 3tt 
^3,1 ■ /^i,o = + ^^4,2 

we find that coefficient to be |. Therefore c = |. □ 

5 4 

Proposition 5.9. There is at most one linear operator 6 ■ Curv^^""-* Curv^'-°°-' with the following 
properties: 

(i) 9 is of degree 1; 

(ii) globo(^$) = tglobo($) for all $ e Curv^(°°); 

(iii) 0(Ang^(°°)) c Ang^(°°); 

(iv) 9 commutes with multiplication by s. 

(v) 9Ni,o = f iV2,o. 

Proof. Suppose that 6*1,^2 are such operators. We use induction on k to show that 9 ■- 9i - 6*2 
vanishes on Curv^*-°°''. 

By (ii), we have globQ(0$) = 0. The globahzation map globo : Curv^(°°) ^ VaF(°°^ is injective 
on Ang^*-""-*. Hence 9 vanishes on Ang^^""-* by (iii). Using (v) it follows that 9 vanishes in degrees 
and 1. 

Let us now assume that k >2. By (iv) and the induction hypothesis, 9 vanishes on the image of 
s ■ Curv^^^^ Curv^^°°''. The proof will be finished by showing that the image of s ■ Curv^^^^ -i- 
Curv^^""-* and Ang^^°°'' span Curv^^""-*. 
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From Proposition 15.71 we obtain that for q < 

s^k-2,q = auNk,q + a^Nk^g+i mod Ang^^""-" 

sAk-2,q = a2iNk,g + a22Nk,q+i mod Ang^^""-* 

with some non-degenerate 2 x 2-matrix a. □ 

Proposition 5.10. 

Wi,. 1 A; + 2 , 2(q + l), , \ k 

t ■ Nk,q = \{k-2q + 1 iVfe+i,, + ^ ' {k -2q- l)Nk+i,q+i , < g < - 

vrwfc k + 6 \ k - 2q J 2 

t ■ Ak,q = {{k -2q+ l)Ak+i,q + 2{q + l)Ak+i,q+i) . 

TTUJk 

Proof. Let 9 be the hnear operator on Curv^^°°'' which is defined by these formulas. We claim that 
6 satisfies the properties in Proposition 15. 91 Indeed, (ii) follows from [19], (iv) is a computation 
and the other properties are trivial. 

Since multiplication by t has the same properties (see Lemma [5.8l and Theorem l2.28p . Proposition 
15.91 implies that they agree. □ 

5.4. The [- and n-maps. 

Definition 5.11. Define two natural maps from VaF(°°) to Curv^(°°) by 

[ : VaF(°°) ^ Curv^(°°) 
(f> i-> (/)Ao,o 

and 

n : VaF(°°) ^ Curv^(°°) 
(f> i-> (t>Ni^o- 

Lemma 5.12. Let u = 4s - e VaF(°°^ . Then 

^ 2=0 



k I 



n{t')^hl^t{k~2^^1)N,,^,. 
Proof. Induction on k, using the relations 

(5.4.1) uAk,q ^—^—(2{q + l){2q + l)Afc+2,g+i - 4(g +l){q + 2)Ak+2.q+2 

7r{K + 2) ^ 

2(fc-2g + 2)(fc-2g + l) 4{q + l){k-2q) x 

k + A k + A 

(5.4.2) UN,, -^M2q . mk.2,q.. - '^''-'l^':''-'^ N,^2,q4 

TT[k + 4) ^ k - 2q ' 

which follow directly from Propositions 15.71 and I5.10[ □ 
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5.5. The modules Curv^(°°) and Curv^^"). 

Theorem 5.13. The Yal^^""^ -module Curv^'-°°-' is freely generated by Ao,o o,i^d Ni^, i.e. 
(5.5.1) Curv^(°°) = VaF(°°^ Ao,o ® VaF(°°) iVi,o = image [ e image n. 

Proof. We use induction on k to show that the map 

V^fc:Val^(°°)eVal^ir^-Curv^(°°) 







is onto. For A; = this is clear. For k - 1 we have tAo,o = -Ai^o- 

Let us now suppose that k >2 and that we know the result for k - 1 and k -2. 
Let us recall that 

oJk k + ll,^ , 2(k-2q-2)(q + l) \ k-1 

TTLOk^i k + 2 \ k~ 2q - 1 J 2 

(k-2q)(k-2q-l) 2(q+l)(k-2q) k-2 

(5.5.3 sNk-2 n = f -Nk a + / , Nk „+i, <q< . 

^ ^ 27r(/c + 2) 7r(fc + 2) ^ 2 

The corresponding 2 x 2-matrix is non-singular. It follows that N^^q lies in the image of ■i/'fc for 
all < g < |. Hence Null^'-°°'' is a subset of the image of tpk- 

If $ e Curv^'-°°'' has globalization (j), then $ - (PAq^ e Null^^°°'' and it follows that is included 
in the image of ipk- 

This shows that Vfc is onto. Now we compare dimensions: the dimension on the left hand side 
is dim Val^*-°°'' +dimVal^^^'' = [|J + 1 + [^^J + 1 = A; + 1, which is the dimension of the right hand 
side. The map being onto, it must be an isomorphism of vector spaces. □ 

The following proposition allows us to find explicitly the decomposition ()5.5.ip of a given element 
of Curv^(°°). 

Proposition 5.14. The n-map is a linear isomorphism between and Null^(°°). Its inverse 

is given by 

1 _ 4(fc + 2)7r^-^ i-lYiq + r + iy. ^k-2q-l-2r a^r 

^ ^''^^ (k-2q)qluJk it) (k - 2q - 2r - l)l(2q + 2r + 3)\r] 
where u = As -t'^. 

Proof. By Theorem 15.131 each $ e Curv^*-°°-' can be uniquely written as $ = (/)iAo,o + '/'2-^i,o with 
It follows that n is injective. If $ e kerglobg, then (f)i - and hence $ = n{(f)2). 
Therefore n is onto. 

To prove the displayed formula, it is enough to check that it is compatible with multiplications 
by t and u, which is straightforward. □ 

It remains to describe the resctriction map Curv^'-°°-' Curv^*-"^ in terms of the decomposition 
(|5.5.ip . This follows from Lemma 13.81 together with the following proposition. 

Proposition 5.15. Let p e C[t,n]. Then n(p) - in Curv^*'"^ if and only if p belongs to the ideal 
{9n-i,gn)) where Qn is the degree n part in 



; sin ^/u - cos ^/u 
2V^^ 
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Explicitly 

Lt J (-ir(r + l) 
^" ,to(?^-2r)!(2r + 3)! 

Proof. We first claim that the kernel of the restriction map 

is the submodule S generated by A^^^o and A'^^+i^o- Clearly, this kernel is spanned by all N^^q with 
q < min{A; - n, ^^}. In degree n, only iV„^o belongs to S, while in degree n + 1 the measures 
-^rt+1,0) -^n+1,1 belong to S. We may write A^^^+i^i as a combination of tNnfl and A^^^+i^o- 

Now suppose inductively that for some I > n + 2 each N^^g with k < l,q < k - n belongs to S. By 
(|5.5.2j) . (I5.5.3P and the induction hypothesis, Ni^g e S for all q < min{/-n - 1, If Z > 2n- 1, then 
these measures span the degree /-part of the kernel. If / < 2n - 2 then these measures, together with 
the measure Ni^i-n span the degree I part of the kernel. By (j5.5.2p . Ni^i^n equals some non-zero 
multiple of tA'/„i modulo iV/ In both cases, we obtain that the degree / part of the kernel 
belongs to S. By induction it follows that the kernel equals S. 

It now follows that for p e C[t,ii] we have n{p) = in Curv^^"'' if and only if n{p) - piNnfl + 
P2-^n+i,o for some polynomials pi,P2- Equivalently p - pin"^(A^n,o) +P2Ti~^(-^n+i,o)- Hence, the ker- 
nel of the restriction map above is the ideal generated by Qn-i '■- c~i]^n~^(A^„_o) and Qn ■= c~^n~^(A''„+i^o) 
(where c„ '^"^'j;" 

The explicit formula for gn follows by Proposition I5.14[ Prom this the generating function is 
easily obtained. □ 



6. Local kinematic formulas and module structure 

In this section, we will consider the curvature A as a parameter. In order to distinguish between 
the valuations t living on the different spaces CP", we will write tx for the valuation t € V^- The 
same applies to u and v. In view of Proposition 15.21 we will not make this distinction for s. 

6.1. Local kinematic formulas. Here we will find the local kinematic formulas K(Aqq) and 
K(Nifi). By Theorem 15.131 and Theorem 12.191 this determines the local kinematic operator K 
completely. 

Recall from Subsection 13.41 the map J\ - pd^^ o(/^^)* opd : Vq Va and the commuting diagram 



Curv^(°°) Sym^ Curv^(°°) 



-¥ Sym^ V 



glob;^ ® glob;^ 



2 A loo 



•^0 



^Sym^Vo°° 

Define Hx — Jx^ o glob;^ : Curv'^^"") ^ ^0°- particular Hq = globg. We wih denote 



A=o 



Hx, and H'^^ 



A=0 
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Let p e s]] = Val^^°°''. Define differential operators Di,D2 by 

- 2s tu dp 

SiTut vrn^ dp 
^ 8 ^ 8 dt 

wliere it = 4s - 1^. Equivalently, in terms of t and u, we liave 

-u t^u dp ut dp 
4 2 du i dt 

Sirut nu^t dp ttu^ dp 

^2P P ^ — ^ 

^ 8 ^ A du 8 dt 

Lemma 6.1. For all p e C[t,s] we have 

(6.L1) ^a(Kp)) = V + -^Diip) = p + XDiip) + X^Diip) + 0{X^) 

1 - As 

(6.L2) Hx{n{p)) = -^D2{p) = XD2{p) + X^D^ip) + 0{X^). 

1 - As 



In particular, 



Moreover, Di and D2 are well-defined operators on Val^^"-'. 

Proof. Both sides of these equations are multiplicative with respect to s, hence it suffices to prove 
the statements for powers of t. 
Now we compute 

HxKi^) = '^HxZ^k,i by LemmaEH] 

" i 

= -^-^x^ E (/^fc,* - ^-^l^k+2,i+i) by Lemma 

= "^pr-^A Tk,o - ^:^'h Tk+2,1 by definition of r^. ^ 

= J;^^ ((1 - As)i+4^ (1 - ^{k + 2)) j by Proposition Eia 

= — 3— t'' fl - ^^-^Au) by Proposition IXTHl 

1 - As \ 4 / 

= + ^ Bit''. 
1-As 
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Similarly, 



HMt'') = -ikl^Hx Y.{k-2i + l)iVfc+i,i by LemmaEH] 



i=0 

-^i^'^l'^A'((^ + l)^fc^3,l - 4rfc\3,2) by definition of 



^A^(l - As)^t^"^UA {kux - 3(1 - As)t|)j by Proposition EH] 

--t^''^u{ku-?,t^) by Proposition EIH] 



1 - As 



1 - As 

If p = in VaF("\ then \{p) = 0,n(p) = in Curv^^") and hence i^-dp = and y^-D2(p) = 
in Val^^"^ for all A. This implies Dip - 0, D2P - and hence D2 are well-defined on Val^*-"^. □ 

Proposition 6.2. 

Proof. We take first and second derivatives at A = of the equation k o H\ - (Hx ® Hx) o K: 

koHQ = {HQ®HQ + Hq® H'q) o K 
koH^ ^ {Hq ®Ho + 2Ho ®Hq + Ho® Hq) o K. 
Since Hq = 2sH'q, we obtain by using Theorem 12.211 

(6.1.3) (2si?o ®Ho + 2H'q ^H'^ + Hq® 2si?o) oK^ {2sH[^ ®Ho + 2sHq ® H'^) o K. 
Since s commutes with H'q by Proposition 15. 2| we have 

{Hq®2sH'q)oK = {Ho®Ho)o{id®2s)oK = {Hq®Hq)oKo2s = {Ho®HQ)o{2s®id)oK = {2sHo®H'q)oK, 
where we used Theorem 12. 191 The statement now follows from (16.1.3p . □ 
We may write 

iC(Ao,o) = (l®OMx) + ^i 
^(^^i,o) = (n (8) [ + I (8) n)k{x) + ^2, 

with Ai,A2 e Null® Null. Indeed, by (j2.3.27p we have Ai,A2 e Curv® Null, and by symmetry they 
must he in Nuh (g Nuh. 

Proposition 16.21 shows that in order to find K(Ao^Q),K(Nifi) we need to solve for Ai,A2 e 
Null ® Null in 

(6.1.4) {H'^®H'^)Ai^-{Di®D{)k{x) 

(6.1.5) {H'q ® H'q)A2 = -{Di ®D2 + D2® Di)k{x). 
Hence, the following lemma will be useful. 

Lemma 6.3. The map S : VaF^") -> NulF^") defined by 



g = 0,| 
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is left inverse to the map -fTglNuii ■ Null^'-"^ Val^*-"^. In particular, the latter map is injective 
we have 



Proof. We have 



S o Do = n. 



dX 



A=0 

d 

dX 

(9 + 1) 



.-l A(g+l) „A 
A=0 TT 



TT 



-fJ'k+2,q+l, 



from which the statement foUows. 
Recah from that 

(6.1.6) k{x) = XI On,fc,r7rA:,r ® Vr2n-fc,r 

where 

(-ir(2n-4r + l)!!7r^ ^ (2r-2i-l)!! . 

cufc ^ (2r-2i)!(20!(2n-2r-2i + l)!! ' 

and 

Wfca;2„-fc (n-r)! (2n - 2r + 1)!! / n 



r 



TT*^ 8''(2n-4r)! (2n-4r + l) 
Lemma 6.4. Define 

_ 2(-ir(2n-4r + l)!!7r^-^ / (2r - 1)!!(A: + 1)! (-1)^"^ 

Uk \(2n-2r + l)ll{2r)] to (2i + 3)!(A; - 2i - 1)! 

(6 17) . y {-m2r-2^-m ^,_2.-i^A 

^■■^ (2n-2r-2i-l)!!(2r-2i-2)!(2f + 2)! ^ 

Proof. It is easily checked that for h e M[t,u] we have Di{uh) - -^D2{th), hence 

2 

T.oDi{uh) = — n(t/i). 

vr 



Let us define 



i+l 



, 2(fc + l)! ^^^ (-1) ^k-2^-l i^^r, . 



vr (2i + 3)!(fc-2i- 1)!' 

From ([19], Proposition 3.7. and Corollary 3.8) and a straightforward computation one gets 

n ~ n ^fc+2(fc + 2)! 

i>'2Pfc ^ Di{t ) /Xfc+2,0. 

We apply S to this equation and obtain that 

n{pk)^^oDi{t''). 



INTEGRAL GEOMETRY OF COMPLEX SPACE FORMS 57 

With 

(-l)V2n-4r + l)!!7r^' (2r-l)!! 
c := 



LOk (2r)!(2n-2r + l)!! 

^ _ (-iy (2n-4r + l)!!7r^ ''^ (-i)»+i(2r - 2i - 3)!! ^ 

~k (2n - 2r - 2i - l)!!(2r -2i- 2)\{2i + 2)! 

we compute 

E O DiTTk,r = S ° Di{ct^ + uh) 
2 

= cn(pfc) - -n(t/i) 
vr 

= n(pfc,^). 



□ 



We are now ready to state one of our main theorems, the local kinematic formulas on complex 
space forms. 

Theorem 6.5. 

(6.1.8) K{Aofi) = XI "'n,k,r [K^fe.r) ® K^2n-fc,r) - n{pk,r) ® n{p2n-k,r)] ■ 
KiNi^o) = Y,an,k,r[niT^k,r) ® K^2n-fc,r) + K'^k,r) ®n(TT2n-k,r) 

(6.1.9) -n(7rA,.,r) ®n(p2n-fc,r) -n(pfc,r) ®n(7r2n-A:,r)]- 

Proof. Apply S (g) S to equations (I6.1.4P , (I6.1.5P and use (I6.1.6P and Lemma 16.41 □ 

6.2. Curv^("^ as a module over V^. Next we determine the V"-module structure of Curv^"'-'. 
By Propositions 15.2 1 and 15.71 it remains only to compute the product with tx. 

Lemma 6.6. Let (p e VaF*^"). Then 

XI an,k,r4>'^k,r ® '^2n-k,r = X 

^n,k,r'^k,r 

X On,fc,rn {(j)Pk,r) ® ^2P2n-fe,r = X «n,fe,rn(/5fc,r ) ® D2 {4>P2n-k,r) 
X (^n,k,r[n{,4>Tlk,r) ® D2P2n-k,r + n{(j)pk,r) ® D2T^2n-k,r] = 

= X"".'^.^ [n(vrfc,.r) (g) D2(t)p2n-k,r + n{pk,r) ® -C'2(/)7r2„_fe,r] • 

Proof. The first equation comes from the fact that {id®(j))k{x) - i'P ® 'id)k(x)- Similarly, since 
{(/) ® id)K{Aofi) = {id ® (^)K(Ao,o), we obtain 

X '^n,'^,'' [^{<P'^k,r) ® K^2n-fc,r) " H {(t)pk,r) ® n{p2n-k,r)] 

= X "'n,k,r [K'^k,r) ® ^ {4'T^2n-k,r) ' n{pk,r) ® n (#2n-A:,r)] • 

We apply [ (g [ to the first equation and substitute this into the equation above to get 

(6.2.1) X «n,fc,rn (#fc,r) ® n(P2n-fc,r) = X «n,fc,rn(pfc,r) ® H ((/'/)2n-fc,r) , 

from which we deduce that 

X «n,fc,rn {4>Pk,r) ® P2n-k,r = X 0'n,k,MPk,r) ® 4>P2n-k,r mod Curv (g) ker(n). 

Applying id® D2, taking into account ker(n) c kerL'2 5 yields the second equation. 

The third equation follows in a similar way from {(f) ® id)K{Nifi) - {id ® (/))K{Nifi). □ 

By Theorem 15.131 and Proposition 12.251 the V^-module structure of Curv^'-"^ is determined by 
the following equations. 
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Theorem 6.7. We have 



(6.2.2) 
(6.2.3) 



0,0 



(1-A.) 



^ f Ao,o + ^A^- 



27r(l - As)2 



1,0 



1 (t^-4s)'\ t-2Xts + X'- 

— Ao,o 



txNi^o = -^vrA^^ ^Ao,o + — :t^A'i,o. 



(1-As)2 



(1-As)2 



Proof. Let mx : Curv Curv g) be the module structure. By Corollary 12.201 "^A is the compo- 
sition of the maps 



K i' 

Curv — > Curv ® Curv 



Since J\ - pd^^ o(/^i)* o pd we have 



^ Curv^VA*^^ Curv^V; 



By Theorem 16.51 and Lemma |6.H 



txVl - AsAo,o = ((id® (/^^)* o pdoHx)K{Ao,o),txVr^) 



^ {{id^pdoHx)K{Ao,o),rx\txVl- Xs)) 

- n{pk,r) {pdoHx on{p2n~k,r),t) 

Now we use Lemma 16.61 with cf) and obtain, recalling that Di,D2 commute with s, 

txVl- AsAo,0 = Y^an,k,r[i{T^k,r) {pdTT2n-k,r,t) 

-n^ ^ _^^^ Pfc,rj (pdoi:)2p2n-fc,r,i) ]• 

For degree reasons, the first summand vanishes except for k - l,r - 0, whereas the second and 
third summands vanish except for A; = 3,r = 0, 1. We deduce that 



^aAo,o = — — 3-Ao,o + — — 3- -^1,0; 

(1-As)2 (1-As)2 



where pi,P2 are polynomials of degree 3 and 2 respectively. 
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Similarly, 



tx^l - XsNi^o = {id ® pdoHxK{Ni^o),I^'{tWl - As)) 

= Y^an,k,r[ni'^k,r) (pdoi^A ° K'^2n-k,r) ,t) 
+ K'^k,r) {pdoHx on{7r2n-k, r),t) 

- niTTk,r) {pdoHx o n{p2n-k,r),t) 

- n(pfc,r ) (pd oHx ° n(7r2„-fc,r ) , t) ] 

n-k,r 

+ K'^k,r) {pdo ^ ^ ^^ D2TT2n-k,r,t^ 

- niTTk^r) |pd o Y^^D2/02n-fc,r, 



-niPk,r) (pdo 



A 



-D2TT2 



By Lemma 16.61 with 



1- As 

jzx^j this may be rewritten as 



1 



- ( YTX^^'^'^) °D2P2n-k,r,t) 



All terms vanish for A: > 4, and we obtain that 

^•3 



P4 



(1-As)2 



(1-As) 



where pz,Pi are polynomials of maximal degree 4. 

It remains to find the polynomials pi,P2,P3,P4.- Since they are independent of n, we may compute 
them explicitly by chosing a small value of n. Indeed, by Proposition 15.15] it suffices to take n ■- 5. 
This is a tedious, but straightforward computation. □ 

6.3. Angularity theorem. As an application we prove a result similar to Theorem 12.281 in the 
non-flat complex space forms. 

Proposition 6.8. 

(i) Define a map 

A:R[[t,u]] -> Curv^(°°) 

-'(--l)-(fl)- 

Then A is injective and its image is the space Ang'^^°°^ of invariant angular measures. 
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(ii) Let pi,p2 ^yal^^°°^ ■ The measure 

[(pi) + n(p2) eCurv^(°°) 

is angular if and only if 

o 1 N t dpi 4s- dp2 „ 

6.3.1 — — = 3p2. 

TT as 2 OS 

Proof. (i) Injectivity is easy. Let us prove that the image of A is inside Ang. Clearly A is 
compatible with multiplication by t. Hence, by Theorem 12.28^ it is enough to check that 
A{u^) e Ang. Using Lemma l5 . 1 2 1 and Proposition 15.101 

Aft. 

A{u'') = {2k + l)[(u'=) + —n{u^-^) 

2''{2k + l)\l ( . 1 \ 4hk\^^ 

= 1 ^2k,k - -, -J^2k,k-1 + 7— A'2fc-i fe-i 

vr'* \ fc + 1 / vr'^ 

2*^(2A: + 1)!! . 

= Z ^2k,k- 

To prove surjectivity, let <I> e Ang. Then there exists some g e IR[[t,n]] with 
g + 2u^ = 2v^— {^g) = globo(«>). 

Then A{g) - $ e Angnkerglobg = {0}, hence $ = A{g). 
(ii) In the ts-basis, we have 

Ma) = Kpi) + <P2) 

with 

p^ = g+lUs-t^)^ 

^ ^2^ ' ds 

t dg 

TT us 

It is easy to check that pi , p2 satisfy ()6.3.ip . 

Conversely, suppose that (|6.3.ip holds. Then we have ^> = A{g) with 

1 , , 2\'^ 

9 -Pi - 2^^^-^ )^P^- 



□ 



Theorem 6.9 (Angularity theorem, second version). Let ^ e Ang^*-""^ he an invariant angular 
curvature measure. Then t\^ is angular for each A. 

Proof. Let <I> = [(Pi) + i^(P2) be angular, i.e. pi,P2 satisfy (j6.3.ip . By Theorem 16.71 we have 
tx^ = l{pi) + n{p2) with 

, t(l-^) 1 A_^-4sf 

Pi = -Pl - -TtA -P2 

(1-As)2 8 (i-As)2 

\e t - 2\ts + A^ 

P2 = — —jPi + — —^P'i- 

27r(l-As)2 (1-As)2 

It is now straightforward (but tedious) to check that p\^P2 satisfy (j6.3.ip . Hence t\(^ is angular. 

□ 
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7. Concluding remarks, questions and conjectures 

7.1. Numerical identities and relations in V^. It came as a surprise that the algebras for 
fixed n and varying A are all isomorphic as filtered algebras. Before the discovery of Theorem 13. 171 
and Theorem 13.201 the first conjecture about the structure of V]^, A ^ was the following. 

Conjecture 7.1. Define the formal series fk{s,t,X) by 

log(l+sa;^ +tx + Ax"^ + SX^x'^ + 13A^a;"^ + ...) 

(T.1.1) -io,ii.sx^.tx.j:\r''!]-^r"!) 

(7.1.2) =^A(5,^,A)x^ 

k 

Then 

(7.1.3) - R[s, . . . , s^t). 

This statement can be checked numerically in any given dimension n by explicit calculation — 
the most efficient way seems to be via Corollary 13.211 by which means we have confirmed it through 
n - 70. This case involves the first 34 terms of the A series. 

A different approach, less efficient but more elementary, is the following. First, it is sufficient to 
show that 

(7.1.4) /„+i(s,t,A) = 

as elements of V^. We know that there are no relations between s,t € V" of weighted degree < n. 
By Alesker Poincare duality, it follows that for A > the relation fn+i{s,t) - holds in V" iff 

(7.1.5) (/„+i(s,t)-s^i^)(CP^) = 0, 2j + k<n. 

For given n, this can be checked directly using Corollary 12.341 The relation (|7.1.4p may then be 
extended to A < by analytic continuation. 

For example, modulo filtration n + 3 the conjecture is equivalent to the family of identities 



n + 1 I 

ln+l-i\nn-2k-2i\_ ^^n 
^' ,to n+l-i\ i j\ n-k-i j~ ' ~ 2' 

As kindly pointed out to us by I. Gessel, these identities are well known — in fact the sum is equal to 
n+1 — \n-k) general k. At this level, the statement is independent of the curvature A, and yields 
a very efficient proof of the structure theorem for Vq given in [32]. The validity of the conjecture 
modulo filtration n + 5 is equivalent to the family of identities 



n + 3 



f'^ ^yi+i 1 / n-j + A \/2n-2k~2j\ 
f^Q n - j + 4 vl, j, n - 2j + 3/ \ n - k - j / 

2 ^yn-k-i + l/n-i + l\/2n-2k-2i-2\_^ 



I n+1 

+ 



i=0 

n - 3 

A; = 0,. 



2 

Gessel has given a proof of these identities as well. In principle one could continue in this way, but 
the numerical identities that arise become unreasonably complicated. 

As shown by F. Chapoton [22], the series appearing in (|7.1.ip also arises as the generating 
function for a certain counting problem. Chapoton also proved that this series defines an algebraic 
function g{\) satisfying 

5 = / = A(1 + /)^ 
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This fact was independently observed by Gessel. 

It can also be amusing to write down the numerical identities that are equivalent in this way to 
Theorem 13.171 and Corollary I3.21[ This is a good illustration of the power (and clumsiness) of the 
template method. 

7.2. A Riemannian geometry question. We expect that the results above will shed light on 
the integral geometry of general Riemannian manifolds, in particular the geometric meaning of 
the Lipschitz-Killing valuations and curvature measures. From this perspective Theorem 16.91 is 
particularly striking and suggests the following. 

Conjecture 7.2. Let M be a smooth Riemannian manifold, with Lipschitz-Killing subalgebra 
LK(M) c V(M). Let A{M) denote the vector space of angular curvature measures on M . Then 

LK{M)-A{M)cA{M). 

Note that even for M - CP^ this conjecture is stronger than Theorem 16.91 

Let us call a smooth valuation on M angular if it stabilizes A{M). Clearly, this is a subalgebra 
of V(M). The above conjecture states that this algebra contains LK{M). A stronger form of this 
conjecture is 

Conjecture 7.3. The algebra of angular valuations on M equals LK{M). 

Using Proposition 16.81 it is easy to check that the only translation-invariant and C/(n)-invariant 
angular valuations on C" are indeed polynomials in t. 

7.3. An algebra question. We may think of each as a commutative algebra of linear operators 
on Curv^*-"^. By the proof of Proposition I2.25"t all of these operators commute with each other. 
What is the structure of the resulting commutative filtered algebra, generated by UaerV"? 

Appendix A. A product formula for valuations in isotropic spaces 
This appendix is devoted to establishing the following. 

Theorem A.l. Let (M,G) be an isotropic space, Q e V{M) a simple compact differentiable 
polyhedron, andpeC°°{G). Then 

HP)--- f x{gP^Q)p{g)dg 

defines a smooth valuation on M. If (j) ^ V°°(M) then the Alesker product of (p and tp is given by 
(A.0.1) (0 ■ ij){P) = f 4>{gP n Q) p{g) dg. 

•J (j 

Since the map g ^ g^^ is smooth and preserves the Haar measure on G, this implies Proposition 
12.151 The rest of the appendix is devoted to the proof. We will need some facts arising from the 
slicing procedure in the proof of Theorem 12.111 

Lemma A. 2. Let (M,G) be an isotropic space with dimM = n, and P,Q ^ V{M). 

(1) Given fi e il"""^(S'M), the function g ^ jN{gPnQ) P integrable. 

(2) There is a constant G <oo, depending only on (M,G) and independent of P,Q, such that 
mass{N{gP nQ))dg<G (mass N{P) mass N{Q) + mass N{P) vol Q + vol P mass N{Q)) . 

Proof. Both assertions follow at once from (I2.3.14p . (12.3. ISh and Theorem 4.3.2 of [26]. □ 
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Lemma A.3. Let Q e V{M). There is a map J = iJi,J2) ■ n'^'^iSM) x C°°(G) 0"(M) x 
J7""^(SM ), jointly continuous with respect to the C°° topologies, such that for every P e V{M) 

Similarly, there is a map C ■ ri"(M) x C°°{G) 17" (M), jointly continuous with respect to the C°° 
topologies, such that for every P e V{M) 



JgPnQ 

Proof By (|2.3.13|1 . (|2.3.15D . and Theorem 4.3.2 of [26], 

Jg \JN{gPnQ) I JTo{P,Q) 

(A.0.2) + f pl{n*sMPA7r*a{pdg)) 

Fixing Q, we show that the first and third integrals on the right may be written as /^^(p) ^2(/?)P), 
while the second may be written as jpJi{j3,p). 

The first of the integrals on the right may be written as 



H{p,p) 

NiP)xN(Q) 

where H{(3,p) := 7rc*(t o p)*(/5 a pdg) e n*{SM x SM), extending the map H of (12.3. 17p to the 
non-invariant case. Since the bundle map E SM x SM of (12.3. lOh is a smooth fibration, it follows 
that H is continuous as a map 0""^(S'M) x C°°(G) ^ n*{SM x SM). Composing H with the fiber 
integral over N{Q), it follows that 

is a C°° -continuous map 17" "^ (W) x C°°(G) -> 17"-i(5'M), such that for any P e P(M) the first 
term on the right of ()A.0.2|1 equals /^(p^ J'2{(3,p). 

The third term may be written in similar, but simpler, fashion, as /jv(p) ^2"(/^'/')i where 

where ttGo* is fiber integration over the fiber of the bundle r2 SM x M of (j2.3.1ip . 
Now put ^2 := + J^2 ■ '^^^ vaap J\ is defined similarly as 

Ji{l3,p) := T^N{Q)* ° t^Go*{Pi{'^*smP '^'^hipda))) 
with respect to the bundle Fi. Finally, the map C may be constructed by a similar procedure. □ 

Corollary A. 4. For every (p e V°°(M), the integral on the right hand side of (jA.O.ip defines a 
smooth valuation. 

Proof. This follows at once from Lemma lA.31 □ 
Proposition A. 5. For fixed p, Q, the assignment 

I:(p^ (pi- n gQ) p{g) dg 
gives a continuous map V°°(M) -> V°°(M). 

Proof. Since the topology on V°°(M) is induced by the projection Glob : r2""^(5M) x r2"(M) -> 
V°°(M), this follows at once from Lemma |A.3[ □ 
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By [7j, Proposition 2.1.17, Q admits a simple subdivision Q - Ui^i Qi-, where each Qi is contained 
in a coordinate neighborhood of M. Using the inclusion-exclusion principle we may therefore 
assume that Q itself has this property, and using a partition of unity we may also assume that 
there is a coordinate neighborhood U c M such that ii g € G with p(g) then gQ c U . Finally, 
since the assignment U ^ V°°{U) is a sheaf ([7], Theorem 2.4.10), it is enough to show that 
4> ■ ^(P) = Jg (t>{P n gQ) Pig) dg for P e V{U). 

Let F : U M" be the coordinate map. By [12] and [6], Thm. 5.2.2, the topological algebra of 
smooth valuations on M supported in U is isomorphic to the topological algebra SVp(^ij-j of smooth 
convex valuations on supported in F(U), where the map 6 9 from V°° to SVp^jj-j is given by 

(A.0.3) 9{K):^9{F-\K)), KeJC'"". 

The inverse map 9^9 may be described as follows. It is shown in [6], Thm. 5.2.2, that for each 
9^SV ^ SMan there exist smooth differential forms w € n""-^ {SW) , e J7"(]R") such that 

9(K) = r UJ+ [ 4). 
Jn(k) Jk 

The value at a smooth polyhedron P e V{U) of the corresponding smooth valuation on M is then 
obtained by integrating these differential forms over N(F(P)), F(P) respectively. 

Moreover, it follows from Corollary 3.1.7 of [6j that the span of all convex valuations on R" of 
the form 

Qk 

A=0 



(A.0.4) 4){K) = 



dX:---d\i 



k \ 



where k is less than or equal to n, Ai, . . . , e /C"" and is a smooth measure with compact 
support in U, is dense in SVp^^uy Since, by Theorem 4.1.2 of [6], the Alesker product is bilinear 
and continuous in the two factors, it therefore follows from Lemma lA. 31 that we only need to prove 
(jA.O.ip for all (p 6 V°°{M) that are supported in U and whose image in SVp^^y^ has the form ()A.0.4p . 

Lemma A. 6. Let (pjijj € SVpf^jjy with cj) given by (|A.0.4p . Then the Alesker product cp-tp & SVp(^u^ 
is given by 



{4>-4^){K)^ ^ 



dXydXk 



A=0 



f 4^lKn{x-Y,XiAi)]dfi{x), K€)C'" 



Proof. This follows from relation (3) from [6j; cf. also the relation (68) from |T2]. □ 

Recall that if / : Mi M2 is a diffeomorphism between Riemannian manifolds Mj then there is 
a natural hft / : SMi -> SM2 such that hN{P) = N{f{P)) for every P e V{Mi), given as follows. 
Let gi : SMi S*Mi,i - 1,2, denote the diffeomorphism between the sphere and cosphere bundles 
of Mi, induced by the Riemannian metric. Let /~* : S*Mi S* M2 denote the diffeomorphism of 
the cosphere bundles induced by pullback under /"^. Then 

Lemma A. 7. Given Ai, . . . ,Ak e /C''™(M") and a simple differentiable polyhedron P c M"', there 
are constants e > and G < 00 such that if < Xi < e, i - 1, . . . ,k then 

• mass N{Pn{x-Z>^i A)) <C for allx^W 

• the map x ^ N{P n (x - X! XiAi)) is continuous at every point x for which P,{x-Y, K^i) 
meet transversely. 

Proof. Since every such P is locally diffeomorphic to some open subset of := {{xi, . . . ,Xk) '■ Xi > 
0, i - l,...,k}, we may cover P by finitely many open sets Ui, . . . ,Un with the property that 
there exist open subsets Vj c contained in some ball of radius R < 00 and diffeomorphisms 
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fj ■ Uj Vj such that fj{Uj n P) is convex. We may assume also that the inverse maps to the lifts 
fj ■ SUj -> SVj all have norms less than some given constant. 
Let e be small enough that whenever Ai, . . . , < e 

• if (x - Aij4i) n P ^ then x -Y, ^i^i ^ Uj for some j, and 

• if X - X! Aij4j c Uj then fj(x - Y, is convex. 

The second stipulation is possible in view of the bound on the norms of the fj, since all 
principal curvatures of E -^i-f^j tend to oo as the Aj 0. It follows that fj{P n (x - E-^i^i)) - 
fj{P n Uj) n fj(x - E AjAj) is convex for such j. Since this convex set is a subset of the ball of 
radius R, its normal cycle has mass < C = C'{R). 

Furthermore, if P and xq - E ^i^i meet transversely then the same is true of their images under 
fj. It follows that X fj{P) n fj{x - E-^j^i) is continuous at xq as a map M" /C(M"). Since 
the normal cycle map N ■ IC ^ I„_i(5R") is continuous, the map x i-+ N(fj(P) n /j(x - E Aj^i)) is 
continuous at xq as well. 

Finally, the normal cycle of P n (x - E^i^i) is the image of N{fj{P n (x - E-^i^i))) under 
the lift fj^. Since the norm of this map is bounded, the first conclusion follows. Since the 

pushforward map (fj^)* ■ \.-iiSVj) In-i{SUj) between the corresponding groups of integral 
currents is continuous, the second conclusion follows also. □ 

Lemma A. 8. If r] is a smooth measure on M", R c M" is a compact smooth polyhedron, and 
B e /C"™ then 

(A.0.5) [ x{R^{x-B))dr](x)^r](R)+ f H%dr) 

where Hb ■ SW x M ^ M" is given by 

Hb{x, v; s) ■- X + sWhsiv). 

Proof. Since N(R) is contained in a finite union of smooth (n - l)-dimensional submanifolds of 
5M", Sard's theorem implies that almost every point of is a regular value of Hb\n{r)xR- The 
area formula implies that the integral on the right-hand side of (jA.O.SP may be expressed as 

Imm rnn-^^'^''" L ^ sgndet D{Hb\n(r).r{x,v; s)) dr]{y) . 

JjV(i?,)x[0,l] HB(x,v;s)=y 

Now let us assume, as we may, that B contains the origin in its interior. Thus for each y e 
we may define the function 

by(x) :- min{t : x € y - tB}, 

which is a smooth function away from y. Recalling that the smooth polyhedron R has positive 
reach, let us assume for the moment that the critical points of by\j^ are all nondegenerate, and put 
Ly(x,v) for the Morse index of this function at a critical point {x,v) e N(R), in the sense of [27] . 
It follows that under these assumptions 

xiRniy-B))^ ^ 

where the sum ranges over all critical points {y,v) e N(R) of bx with bx{y) < 1. 

We observe that (x,u) e N{R),x y, is a critical point of by\j^ in the sense of [27] iff y = 
x + sV/i_b(w), s - by{x). Furthermore, (x,u) is a nondegenerate critical point of by iff the Jacobian 
of Hb\n(^b.)xR (xi'V'is) is itself nondegenerate. In particular, the nondegeneracy assumption of 
the last paragraph holds for a.e. y e M"'. Finally, the sign of the Jacobian determinant of -ff_Bl7v(R)xM 
at (x,v;s) is precisely (^-iyy(^'"\ The Lemma follows. □ 
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Now we can complete the proof of the theorem. We may assume that (p e V°°{M) corresponds to 
(j) as in ()A.0.4p with k > (the case A; = can be easily treated separately). Consider for P eV{U) 
the expression 

(A.0.6) e{P) J^y^^Pn^x- |j \iA^)i^dfi{x) 



Jr"- Jg \ Jn 



Here e f]""^(S'M") is the pullback to S'M" ^ x S""^ of the invariant volume form on the fiber 
S"""^ with integral 1, so that integration of over the normal cycle yields the Euler characteristic. 

We wish to show that this is a well-defined finite quantity, and that we may interchange the 
outer two integrals. By Tonelli's theorem, it is enough to show that the innermost integral defines a 
measurable function of {x,g) and that the iterated integral of this function is absolutely convergent. 
That it is measurable follows from Lemma lA.21 (1). That it is absolutely integrable follows from 
Lemma lA.21 (2) and Lemma lA.71 

Thus 0(P) is indeed well defined, and 



dKx)p{g)dg 



by Lemma |A.8| where 

Hx{x,v;s) := x + sY,K^hA,{v). 
Using Lemma lA.21 (2). dominated convergence implies that 

, . , , d'' 

e{P)^ 



d' 

6iP) 




Hldfi]]p{g)dg. 

A=0 



Jg \JN(PngQ)x[0,l] \ dXvdXk 

In particular, by Lemma lA. 31 the functional J is a compactly supported smooth valuation on U. 
Using the expression (lA.O.Gp . Lemma lA. 61 implies that the image 6 e SVjj agrees with (p-ip. On the 
other hand, 



r I 

Jn{-)x[o,i] \ dXvdXk 



Hldn] 

A=0 

Indeed, both sides are smooth valuations and their images in SV coincide, by Lemma IA.8I and 
dominated convergence. Since the map V°°{U) SVp^ij-^ of (|A.0.3p is an isomorphism of algebras, 



we deduce that 5 - (/)■ ip- This completes the proof of Theorem lA.il 
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